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Summary. Auctions in which individuals can purchase more than one unit of
the good being sold differ in striking ways from multi-unit auctions in which
individuals may purchase only one unit. The uniform price auction in par-
ticular frequently yields Nash equilibria in which bidders underbid for their
second unit and therefore pay very low prices for the good. This paper
characterizes equilibria for the uniform price auction.
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Introduction

The recent upsurge of interest in the study of auctions is due both to the
important economic role played by auctions and to their links to funda-
mental theoretical issues in information economics and institutional design.
Research has been devoted to auctions for government procurement, for
public resources — timber from national forests, offshore oil, and most re-
cently electromagnetic frequency spectrum — and for Treasury bills. Al-
though most of the theoretical work examines the sale of a single object,
many of the most important auctions — including examples cited above —
involve the simultaneous sale of multiple identical objects. One of the two
common forms of simultaneous multi-unit auctions is the “uniform price
auction,” in which high bids win the units, but all units are sold for the same
price. (In the other form, the “pay-your-bid” auction, each unit is sold at its
corresponding bid.) The uniform price auction has been frequently recom-
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mended by economists because of its supposedly desirable incentive prop-
erties; the Treasury’s experimental adoption of the uniform price auction was
based on such recommendations.

In theoretical work on multi-unit auctions, it has generally been assumed
that no bidder purchases more than one unit. Most of our intuition and
almost all of the policy prescriptions have been based on this simplifying
assumption. In this paper we show that dropping the assumption of single
unit purchases dramatically changes the results of these models. Thus the
intuition based on the bulk of the existing literature is misleading.

This paper characterizes Nash equilibria in undominated strategies for
the uniform price auction in the independent private values case. We assume
that bidders may purchase up to two units apiece. We provide general results
concerning monotonicity of equilibrium strategies, and we show that pur-
chasers’ lower bids will be shaded strictly below their valuation of the good.
We also provide some strong results with respect to symmetric auctions: As
long as at least three units are being sold, the equilibrium strategy is strictly
monotonic except possibly for pooling at the lowest permitted price (which
we take to be zero throughout the paper).

By extending the analysis beyond the single-unit-purchase case, we dis-
cover that in many situations uniform price auctions exhibit a significant and
potentially undesirable property: they tend to encourage bids of zero. We
provide conditions in which zero bids arise. We also state conditions under
which it is guaranteed that pooling at zero does not occur. We provide
conditions under which each bidder bids zero on the second unit with
probability one. We also investigate an example in which each bidder wishes
to purchase three units, in order to show how the zero-bid results may
generalize.

Zero-bids have several interesting consequences. In extreme circum-
stances they mean that the uniform price is zero in the auction. Of more
practical interest is the fact that bidders bid zero (in practice, don’t bid at all)
on units for which they have positive value, even when bidding is costless.
This suggests that we may observe fewer bids in such uniform price auctions
than in other forms of multi-unit auctions, a potentially testable implication.

Our results on strict monotonicity do not apply when only two units are
being auctioned. For the case of two units we provide necessary and suffi-
cient conditions for a strategy to be a symmetric equilibrium, and we use
these conditions to generate examples of pooling at zero or pooling in the
interior of the space of bids. In some situations, the unique equilibrium is a
discontinuous function; in other situations there are a continuum of equi-
libria.

Our work, along with other recent work, makes it apparent that auctions
in which individuals can purchase more than one unit differ in striking ways
from auctions studied before. In contrast to our paper, Back and Zender [3]
focus on the common values case and constant returns. Our paper is closest
to recent work by Noussair [16]. He provides conditions for an equilibrium
within a more limited category of symmetric equilibria. Among our examples
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are equilibria for cases in which no equilibrium exists in the class he
examines.!

The paper is organized as follows: Section 1 presents the model and an
introductory example. Section 2 characterizes undominated strategies. Sec-
tion 3 provides characterizations of symmetric equilibria (which are gener-
alized to asymmetric equilibria in the Appendix).

As long as the number of bidders is at least as large as the number of
objects, there can be pooling at zero. Section 4 provides results which show
when pooling at zero will occur. In this section we provide simple sufficient
conditions for the existence of an equilibrium in which all bidders bid
truthfully on the first unit and zero on the second unit. Section 5 provides
additional results for the case where two units are auctioned, including
methods for generating equilibria in that case. Section 6 provides examples.
The final section provides a brief discussion, including a review of the ways
that allowing bidders to win more than one object makes such a fundamental
change in auction behavior.

1 The model

An auctioneer is to auction M units of a good, where M > 2; each bidder
wishes to purchase two units of the good. There are N + 1 bidders for the
good, where 2(N + 1) > M, so that not all bidders can be satisfied.

The rules of the auction are as follows: After observing his valuations,
each bidder n submits two bids ¢} and cj. Without loss of generality we
order the bids so that ¢] > cj. The goods are awarded to the M highest bids;
and for each good received, the recipient pays an amount equal to the
highest losing bid. The reserve price is zero. (In other words, if fewer than M
non-negative bids are submitted, the non-negative bids win at a price of
zero.?)

All bidders maximize expected profits. We let v} represent the value to
player n of receiving one unit of the good and we let v} represent the addi-
tional value from receiving a second unit of the good; with probability one,
v} > v > 0. Let G(v;, v2) represent the distribution of an individual’s pair of
valuations; this distribution is identical over all bidders and each bidder’s
pair of bids is independent of all other bidders’ bids.> We write the two
marginal distributions as G;(v;) and G,(v;). We assume the marginal

! Other recent examinations of multi-unit auctions with multiple purchase include Ausubel and
Cramton [2], Daripa [4], Katzman [10], Pesendorfer and Swinkels [17], Rothkopf et al. [18], and
Tenorio [19].

2 In case the lowest winning bid ties with the highest losing bid, the remaining objects are
allocated randomly to the individuals making the tied bid; higher bids receive the good with
certainty; lower bids do not receive the good.

3 Note that we do not assume that a bidder’s two valuations are independent. In fact, the analysis
is general enough to encompass situations where there is a positive probability that the two
valuations are equal — for example, situations of perfect correlation.
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distribution of v; has a density g,(v;) with the interval [0, 7] as its support.
Thus G (v;) = G(vy,v1) and G2 (v2) = G(D, ).

A natural example of these valuations arises when each individual has
two possible uses to which the good may be put, where the value in each use
is drawn independently from the distribution H(-). If the bidder receives one
unit, he will put it in the higher valued use; if he receives two units, he will put
the second in the lower valued use. Then the distribution of v; becomes the
distribution of the first order statistic of two draws from the distribution H;
and the distribution of v, is the distribution of the second order statistic.
More generally we could imagine that v; and v, are the first and second order
statistics from i draws from distribution H(-). In examples below we will
frequently use this structure, which we will describe as preferences generated
by “independent draws.”

We focus on the strategy of player 1. (When no confusion will arise, we
omit superscripts.) Let b; and b, respectively denote the M — 1th and Mth
highest of other players’ bids; these are the ones which determine whether
player 1 will win zero, one or two units.* Given the strategies of the other
players, let the function F(b;,b;) denote their joint distribution and
let Fi(b;) and Fy(b,) denote their marginal distributions;’ note that
Pr{b; < b} = 0.

1.1 An example

The following example illustrates the uniform price auctions can have
undesirable properties even in the most simple and natural of cases. Suppose
two units are being auctioned. For each bidder, the valuations are two
independent draws from a uniform distribution on the interval [0, 7]. Then
it can be verified that the following is a symmetric Nash equilibrium
strategy:

(01,02) = (01,0) .

In words, the bidder bids “truthfully”” for his first unit and zero for his
second unit. Thus, if there are two bidders, the price paid in equilibrium is
zero with certainty. Moreover, as is shown in section 6, this is the unique
equilibrium in continuous strategies.

2 General characteristics of equilibria

We let U denote the expected payoff for the player, given others’ strategies,
his own valuations and his own bids. As long as the distribution of oppo-

4 If there are not sufficient bids in excess of zero, we define b; and b, to be equal to zero. More
generally, if there are not sufficient bids in excess to the reserve price (zero or otherwise) we
would define b; and b, to be equal to the reserve price.

’ In the appendix, when we address the question of ties in bidding the definition of the marginal
distributions will be refined.
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nents’ bids is non-atomic, so that there is zero probability of ties,® a player’s

expected payoff is dependent on other bidders’ strategies only through their
effects on b, and b,.

Theorem 2.1. Unless there is a positive probability that c; = b;(i,j =1,2;
J # i), expected payoff is defined by the continuous function

v-[f 1~ max{ez, )] dF (b1, )
{(b1,b2)|b2<c1 }

+// [Uz+Cz—2b1]dF(b|,b2) .
{(b1,b2)|b1<c2}

Proof. Define the function Q as follows:

0 if c; < b
Q= v — by if c; < by <
o v —C if by <cp < by

vy + v — 2b; if by <c

This function describes player 1’s payoff as long as it is not the case that
one of the player’s bids is tied for both highest losing and lowest winning bid.
As long as the probability of such ties is zero,

U= / Q(c1, e, b1, by) dF (b, by)

which simplifies to (2.1). The integrals in this expression are continuous
unless there is a discontinuity in the distribution at the boundary of inte-
gration — that is, unless there is a positive probability that ¢; = b, or ¢; = by.

a

We confine our investigation to the following set of strategies:

Set S of Strategies: The higher of the two bids equals the higher of the two
valuations. The lower of the two bids is non-negative and no greater than the
lower of the two valuations.

Note that in this strategy, by definition, there is no shading of the higher
of the player’s two bids. We will call an equilibrium in which all players
choose strategies in set S an S-equilibrium. The following lemma demon-
strates that set S is in fact precisely the set of undominated strategies:’

6 The issue of ties raises important technical questions and greatly complicates many of the
formulas. In order to ease the burden on the reader we will focus in this section on the cases
where the probability of a tie is zero. Nonetheless, in the mult-unit context ties cannot be ruled
out a priori. The calculations in the appendix 8.1.1 demonstrate that our key results continue to
hold even when ties are not ruled out in advance.

" We thank Jeroen Swinkels for pointing out this result. The proof provided here is valid given
zero probability of ties. A few extra steps are necessary to cover the case of ties, as discussed in
the appendix.
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Lemma 2.2. Set S is the set of undominated strategies.

Proof. Clearly bids below zero are weakly dominated. Expression (2.1) is
weakly decreasing in c; for ¢; > v;, as can be seen most easily by considering
the formula for Q in the proof above. Thus bidding ¢, > v, is a weakly
dominated strategy. Finally, given ¢, expression (2.1) attains a maximum
over all ¢; > ¢, when ¢; = v;. Thus any strategy not in S is weakly dominated
by a strategy in S. Now suppose a strategy s; in S is dominated by some other
strategy. Then it must be dominated by another strategy s; in S. To show a
contradiction, simply take a valuation where the two bids are not identical,
and a distribution for other players’ bids such that s; is the price setting bid
and the next lower bid below s, is just barely below it. O

By showing that this dominance is strict in the presence of “trembles,”
Appendix 8.1.2 demonstrates®

Theorem 2.3. Every perfect equilibrium is an S-equilibrium.
In an S-strategy, the function U takes a simple form:

Theorem 2.4. As long as there is zero probability that c; = by, expected payoff
is defined by the function

U(Cz, vl,vz) = /vl Fz(bz) db; + 2/:2 F (b[) db, + (1)2 — Cz)Fl (02) . (2.2)

(]

In the text we will suppress dependence on v; and simply write U(cz, v2).

Proof. If ¢ = v, the bidder is indifferent to winning or losing the first unit
when ¢; = b, so that formula (2.1) remains valid even if the tie ¢; = b, occurs
with positive probability. Substitution of v; reduces the formula to

0 ()
U = 01F(v) — c2F(e) — / by dF>(by) + (v2 + c2)Fi(c2) — 2/0 by dFy(by)
)

Then integration by parts yields formula (2.2). O

In calculations a key role will be played by the derivative of U with
respect to c;. As long as Pr{c, = b;} = 0 and F is differentiable at c;, U is
differentiable at ¢, and from (2.2) we have

() =2 - ) @) Rl - Re)  (3)
(%)) C)

& In [7] the result is extended to an auction with an arbitrary number of purchases by each bidder,
as are the first-order conditions noted below. Restricting attention to perfect equilibria is not
innocuous; [3], [6], and [14] show, in different contexts, that there are equilibria in which by
making bids above their valuations, bidders in multi-object uniform price auctions increase their
profits.
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(Note the derivative does not depend on v;). When U is differentiable,
we have the necessary first order condition for ¢, to be an interior local
maximum:

(v, — Cz)? + F](Cz) —F(c)=0. (2.4)
C2

The intuitive interpretation of the derivative is as follows: The benefit of a
slight increase in the lower bid is an increase in the likelihood of receiving the
second unit of the good just below b; to just above it. This benefit equals
vy — ¢z, the value of the good less the price paid (in this case ¢, is approxi-
mately b;); the probability of this occurring for c; is proportional to dF; /dc;.
Thus the first term is the first order approximation of the benefit per unit
increase in the bid in the vicinity of ¢,. The cost of the change is the increase
in the bid times the likelihood that the bid will be the price setting bid, (so
that the bidder will have to pay the increase for the first unit purchased).
F(cz) — Fi(c2) is the probability that a bid of ¢, is the price-setting bid;
this quantity therefore represents the approximate cost per unit increase in

the bid.

3 Characteristics of symmetric equilibria

The following fundamental result characterizing symmetric S-equilibria is a
corollary of general results for all S-equilibria (symmetric and asymmetric).
These more general results are stated and proved in Appendix 8.2.

Theorem 3.1. 1) Suppose that at least three objects are being auctioned and the
number of bidders is less than the number of objects. Then in any symmetric S-
equilibrium, bids on the second object are strictly increasing in the valuation of
the second object.

2) Suppose that at least three objects are being auctioned and the number of
bidders is at least as large as the number of objects. Then in any symmetric S-
equilibrium, bids on the second object are strictly increasing in the valuation of
the second object, except that a range of low values may be pooled at zero.

The intuition behind this result is clearest in the case where the lower of a
player’s bids is shaded below the corresponding valuation. The following
theorem indicates that under very mild conditions on the distribution of
valuations such shading occurs. Again, the proof is in the appendix.

Theorem 3.2. Suppose that for each bidder, the distribution of v, conditional on
vy has support [0,v,]. Then in any symmetric S-equilibrium, the second bid is
strictly below the second value for all valuations in the open interval (0,7).

The key intuition underlying Theorem 3.1 is that it is a suboptimal
strategy for a bidder to shade his lower bid to c; if there is a positive
probability of tying with b;, the M — 1th highest of opponents’ bids. If he
were to do so, an infinitesimal increase in the bid would break the tie, thereby
giving a first order improvement in expected payoff. Suppose that for all
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players in a symmetric equilibrium the bid ¢; is identical for some interval of
valuations. The conditions listed in part 1 of Theorem 3.1 are sufficient for
there to be a positive probability that this bid is the M — 1th of the oppo-
nents’ bids. On the other hand, if there are at least as many bidders as units
then there are enough first bids to win all the units. With positive probability
no second bid wins. But if the number of units exceeds the number of bidders
then at least one second bid must win.

The only tie that affects the payoff is a tie between b; and c;. A tie
between c; and b; has no effect on the outcome; nor does any tie with b,. In
short, the only way that there can be a symmetric equilibrium in which a
range of different valuations is associated with the same second bid is for
there to be zero probability that those bids tie for receipt of the good. [Thus
the theorem does not preclude the possibility of more general forms of
pooling when only two units are auctioned (see section 5).]

4 Zero bids

One of the most striking possibilities that arises in the case of uniform price
auctions is the tendency for extreme pooling of second bids at zero. In this
section we will provide conditions under which it is an equilibrium for all
bidders to bid (v;,0) — that is, to bid their valuation on the first unit and to
bid zero on the second unit. In effect, the bidders bid only on a single unit; we
call this a “single unit bid” equilibrium. In some cases “single unit bid”
equilibria have a sales price of zero with probability one. Since we have
already shown that pooling does not occur when there are more units than
bidders, we know in advance that “single unit bid” equilibria will only arise
when the number of bidders is at least as great as the number of units on
auction.

Lemma 4.1. It is an optimal response to bid zero for the second unit for all
valuations v, < v if and only if

(v—c2)Fi(c2) + /OCZ(ZFI (b) — F»(b)) db < 0 for all ¢ in (0, ) (4.1)

Proof. The inequality is a simple transformation of the statement that bid-
ding zero on the second unit is more profitable than bidding c;. O

Note that if the inequality is satisfied for some v, then zero is also an
optimal response for all lower valuations. In the case where all individuals bid
truthfully on the first unit and zero on the second unit, we have that Fj is the
M—1th order statistic from N draws from G, and F is the Mth order statistic:

Aw= Y ())@era-ew" 42)
n=N-M+2

aw= Y (V)Gera-ew (@3)
n=N-M+1
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Thus necessary and sufficient conditions for existence of a “single unit
bid” equilibrium are that condition (4.1) holds for v = 7, when F; and F, are
defined by (4.2) and (4.3). This formula (4.1) can easily be verified for spe-
cific distributions, but it is also helpful to have sufficient conditions which
allow us readily to predict distributions which yield “single unit bid” equi-
libria. The following result is based on the first-order conditions for the
auction.

Theorem 4.2. Bidding zero on the second unit for all v in [0,v*] is an optimal
response to the same behavior by other bidders, provided the number of bidders
is at least as large as the number of goods and

(M —1)(v" ~ c)lf—lc(;;)(c—) <1 (4.4)
for all ¢ € [0, v*).

Proof. Let f represent the derivative of F;. From formula (2.3) it follows that
a sufficient condition for it to be optimal to make the second bid equal to
zero is that

02> [Fi(c) = B(c)] + fi(e)(v—0) (4.5)

for all v and ¢ € [0,v*). By manipulating equations (4.2) and (4.3), we find
that aslongas N+ 1> M,

A =R = (3 4 1 G0 = Gl

76 =N 3y~ 5 ) G (1 = G ) )

Thus inequality (4.5) can be rewritten as
N N-M+1 M—1
(w1 )@@ -Gi(e)

N-1 _ _
> N3 @1 = 61D 2o - e
which simplifies to the formula of the theorem. |

Corollary 4.3. If there are at least as many bidders as units and condition (4.4)
holds for v* = v, then there is a “single unit bid”’ equilibrium.

In other words, if the hazard function for the high valuation for any
individual is sufficiently low then the optimal bid is zero. Note that when the
number of bidders equals the number of objects, F>(x) = 1, and all the for-
mulas of the proof continue to hold. In this case, all the objects sell for zero
with certainty.

Corollary 4.4. In an auction of two units, if the density g\(x) exists and is non-
decreasing then there is a “single unit bid” equilibrium.



236 R. Engelbrecht-Wiggans and C. M. Kahn

Proof. If gi(x) is non-decreasing, then 1 — G\(c) > (¥ — ¢)gi(c) for any v,c
such that 0 <c¢ <wv. Thus, (M - 1)(T—c)gi(c)/(1 = Gi(c)) <M —1=1,
and the condition of the previous corollary is satisfied. d

In the case of independent draws from a distribution H(x), g(x) can be
non-decreasing even if h(x) is decreasing, for example H(x) = /x. If v is the
highest of n independent draws from a uniform distribution, then gy (x) will
be non-decreasing and there will be a “‘single unit bid” equilibrium in the
two-object auction. Thus this corollary generalizes the initial example of the
paper.

For M > 2, g|(7) must be unbounded for the condition (4.4) to be
satisfied. (There may of course be other densities with ‘single unit bid”
equilibria which do not satisfy the sufficient conditions.) Although “single
unit bid” equilibria may require stringent restrictions on the distribution
functions for M > 2, pooling at zero over some part of the support is likely to
be typical of a much wider range of distributions. In particular:

Corollary 4.5. Suppose there are at least as many bidders as units and g;(x) is
bounded by B for x in some interval [0,x*]. Then for any v* satisfying
0 < v* < min{ x* !
- - (M -1)B
bidding zero on the second unit for all v, in [0,v*] is an optimal response to the
same behavior by other bidders.

Proof. Suppose c < vy <v* < min{x*,m}. Then 1> v*B(M —1);
therefore,

1—Bc>M-1)Bv*— (M —1)Bc >0

implying
|> M= DBW —d) | (M= ("~ clgle)
- 1 —Bc - 1 -G(c)
which suffices by Theorem 4.2. O

5 Generation of equilibria in the two-unit case

When only two units of the good are sold, as we have seen, special consid-
erations arise. We cannot guarantee that strategies in S-equilibria are strictly
increasing. In this section we provide necessary and sufficient conditions for
equilibrium. In section 6 the conditions are used to generate of equilibria in
which the following phenomena arise: pooling at intermediate levels in a
continuum of equilibria and discontinuities in the equilibrium bid function.
As will be apparent, we will be able to generate examples of each of these
phenomena for open sets of parameter values.

We adopt the following notational conventions: For any function y(x) of
a real number x, we let y(x—) denote lims;, (%) and we let y(x+) denote
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limg |, y(%). Given our results so far, we will henceforward commit the slight
solipsism of identifying an S-strategy or symmetric S-equilibrium with a
weakly-increasing function y(v) representing the lower bid as a function of
the lower valuation, or equivalently, with the inverse function

7" (e2) = sup{xly(x) < e2}

which indicates the highest valuation resulting in a bid below c;.
In the case of two units for sale, if all opponents follow strategy y(v), the
bid distributions take the following special forms:

Fi() = GY () (5.1)
Fa(c) = NG} (0)(G,(7 (<)) = Gi(e)) + G (c) (5.2)

Therefore the first order condition dU/dc; = 0 (equation (2.4)) takes the
following simple form:

0=NG ' ()[Gi(e2) = G:(y (@) + gie2) (2 —e2)] . (53)
Define

rey)= | NGV (1)[G1(x) — Gal3) + 91 () — )] di

While this expression is closely related to the equilibrium first order condi-
tion, note that the function is continuous and only depends on the exogenous
information in G, the distribution of an individual’s valuations. I' is key to
finding best responses in the two-good equilibrium.

Lemma 5.1. If

¢y € arg max I'(c,v)

c€lab)

and all opponents are bidding according to y(-) and

(=) <2 <y(vt)
then

¢; € argmax U(c, ).
c€la,b]

Proof. Note that with only two units in the auction and given the assump-

tions imposed on the distribution G, Pr{c; = b1} =0 and U is absolutely
continuous in ¢. We have, a.e.,

() =NG @G0~ G:) + =) (54)

20 = NG (9IGi(0) - Gl @) + i@ -a)  (59)

SO

T e0) = (e) = NG (G @) - G - (56)

Therefore,
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(%]
Ulez,v) = U(e,0) = | %(c{ dc (5.7

=/~ —""‘/ NG (0)[Ga(y'(€)) = Ga(v)) de.

If ¢ < ¢, then for any ¢ € (¢, c;), the bracketed term in the integrand is
non-positive. If ¢ > ¢,, it is non-negative. Either way

5 2 or -
U(cz,v) — U(é,v) > / % de =T'(cz,0) — T(¢,v) .
Since I'(cy,v) > I'(¢,v), we know that U(cy,v) > U(¢,v). a

The result has the following intuitive interpretation: Imagine that oppo-
nents adopted a strategy from the following family of inverse bid functions,
indexed by v: .

b;'(c) = max{v,c}
—in other words, the strategy under which bidders whose second valuation is
greater than or equal to v bid their valuations; bidders whose second valu-
ation is less than v bid zero. Then if the bid c is an optimal response to this
strategy, it is an optimal response to any equilibrium strategy in which val-
uations above v yield bids above ¢ and valuations below v yield bids below c.

The necessary and sufficient conditions for an S-strategy y(v) to yield a
symmetric S-equilibrium are closely linked to the requirement that y(v) be a
local maximizer to I'(-,v), over intervals of the form [y(v — ¢€),y(v + €)] (for
completeness, we take y(—e) = 0 and y(¥ + €) = 7). First we state and prove
the necessary condition:

Theorem 5.2. In the two-unit case, if y(-) is a symmetric S-equilibrium then for
each v in the open interval (0,7) there exists € > 0 such that

{v(v=),7(v),y(v+)} S argmax T(c,v).
cely(v—e)y(v+e)]

Proof. Suppose y(-) is a symmetric S-equilibrium. Pick any v and let ¢ = y(v)
and ¢ = y(v+). We will demonstrate that there exists € such that ¢ (and ¢,
when y is right discontinuous) maximizes I'(.,v) on an interval [c, y(v + €)];
the demonstration for the interval [y(v — €), ¢] is analogous. We will state the
proof assuming the density g is continuous; the extension is tedious but
straightforward.

Since the directional derivatives for U with respect to ¢ exist for all values
of ¢, a necessary condition for y(v) to be an S-equilibrium is that for all v

ou

B — <

 (0)+,0) <0
or, from (5.4),

NGY™(e)[G1(c) = Ga(y™' (e +)) + g1(e) (v = )] < 0
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From Theorem 3.1, y must be weakly increasing. If the function y~!(-) is
discontinuous to the right at ¢, then for some € > 0,7(v) = y(v + €) and the
result holds trivially. Therefore assume y~!(c+) = y~!(c). Then (5.5) implies

4,9 <0

so that there is an interval [c,c + J] on which ¢ is maximal for T'. If y is
continuous from the right, then there is an € > 0 such that ¢+ 6 > y(v +€)
and we are done. On the other hand if y is discontinuous, then there is an
interval on which y~!(c) = v; ¢ is the supremum of this interval. On this
interval 9I'/Oc = QU /Ac (as can be verified from (5.6)) so ¢ is maximal for I’
throughout this interval. Moreover, since U is continuous, ¢ must also be
maximal for U(., v). Repeat the argument of the proof replacing ¢ with ¢ and
conclude that there is an interval [¢, ¢ + 8] on which ¢ is maximal for I', and
therefore both ¢ and ¢ are maximal for I" on [c,¢ + §]. Since ¢ is the left limit
of y(v+) there is an € > 0 such that ¢+ 6 > y(v +¢), and we are done. [J

Additional necessary conditions are associated with the endpoints of the
support: An analogous proof demonstrates that y(7—) is a local maximizer of
I'(.,0); y(0+) = 0 by the definition of an S-strategy.

Our sufficient condition requires that y(v) be a local maximizer uniformly
on [0, 7):

Theorem 5.3. Suppose y(-) is a weakly increasing function with 0 < y(v) < v.
In the two-unit case, if there exists € > 0 such that

y(v) € argmax I'(c,v).
cefy(v—e),y(v+e)]

is satisfied for every v in the open interval (0,0) then y(v) is a symmetric S-
equilibrium.

Proof. For every ¢ in [0,7(v)), there exists a v' < v such that

' € p(v' —€),7(v)].
By lemma 5.1,

U(y(),v') 2 U(d, ).
Therefore

U(y(v),0) 2 U(c',v).
Then we show that for v” closer to v,

U(y("),0) > U(y(v'), ).

and given the uniform value of ¢ a series of such steps will demonstrate

U(y(v),v) > U(c,v).

Repeat the process for ¢ in (y(v), 7] O
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In calculating equilibria, the following set is particularly useful:

C*(v) = arg max I'(c, v)
cel0,3]

(We know that such a set exists for each v.) We call C*(v) an increasing
correspondence if

Uy > U
c1 € C*(ny)
and
¢y € C* (1)
together imply
[5)) Z Ccy .

The following are direct consequences of the previous theorems:

Corollary 5.4. Suppose C*(v) is an increasing correspondence. Then c*(v) is a
symmetric S-equilibrium if it is a selection from C*(v). Suppose in addition that
I'(., v) is quasi-concave for each v. Then c*(v) is a symmetric S-equilibrium only
if it is a selection from C*(v).

Corollary 5.5. Let {v,v2,...,0c} be a finite set of points, such that C*(v) is an
increasing correspondence in some neighborhood of each v;. It is a symmetric S-
equilibrium for each player to adopt strategy c*(v) if ¢* is a weakly increasing
function with the following characteristic: for any v, either

1. c*(v) € C*(v), or

2. for some i, j, v € (v;,v;) and c*(v;) = c*(v;) = c*(v).

The final corollary of this section demonstrates that gaps in the bidding
are likely to be common in many examples.

Corollary 5.6 Suppose that c*(-) is an equilibrium strategy and c*(v) > ¢*(v1).
If g1(-) is continuous and increasing throughout the interval [c*(v), c*(v2)], then
on the interval [v},v;)], there is a discontinuity in c*.

Proof. By Theorem 5.2, any bid ¢ > 0 which occurs in equilibrium at a point
of increase of ¢*(-) is an interior local maximum of I'. Thus

NG (€)[Gi(c) = G2(v) + gi(e) (v~ )] = 0

Since c is interior, Gi(c) is positive, so the bracketed term must equal zero.
Moreover, the second order necessary conditions require that the expression
be non-increasing in some neighborhood of c¢. Since ¢ < v this in turn
requires that g; be non-increasing. O

As a consequence, if g is increasing on the interval [0,v) then in any
equilibrium strategy, either there are an infinite number of discontinuities
arbitrarily close to zero, or there is an interval [0, €) in which the bid is 0. In
the case of independent draws, g; = 2hH so that g; is increasing at zero as
long as /' is bounded below at zero. Thus in the case of independent draws
with two units for sale there will typically be some pooling of bids at zero.
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6 Calculations

The results of section 4 argue that pooling at zero is common when bidders
can make no more than two bids. The results of section 5 suggest the pos-
sibility of discontinuities and interior pooling in equilibria, and provide a
method for generating such equilibria. This section illustrates four different
possibilities with examples. We then conclude with an example in which each
bidder may make more than two bids; this again gives rise to pooling, sug-
gesting that the result is robust.

The first four examples each have N + 1 bidders bidding for the two
objects. In each of these examples, the bidders’ values are independent draws
from a cumulative distribution H(x). Note therefore that G,(x) = H?(x) and
G(x) = 2H(x) — H*(x). The examples differ only in the choice of the dis-
tribution; changes in the distribution give rise to qualitatively different
equilibria.

Example 1. Given an a in (0, 1], define H(x) to be any cumulative distribution

such that
0 forx<O

Hx) = {x for x € [0, 4]

In other words, H is uniform on the lower part of its support and arbitrary
beyond. Theorem 4.2 leads us to suspect that there will be an equilibrium
with some pooling at zero, and Corollary 4.4 assures that there will be a
single unit bid equilibrium when ¢ = 1. We now show that there cannot be
any equilibrium bidding strategy b for the second unit such that b is con-
tinuous, strictly increasing and positive at any x € (0,a); for a =1, this
demonstrates the claim made in the example of the initial section: the only
continuous strategy is the single-unit-bid strategy.

We show this by contradiction. Imagine that there were a strategy b(x) and
a vy € (0,a) such that b(v;) > 0 and b is strictly increasing and continuous at
v. Then b must satisfy the first order condition 5.3, which simplifies to

0=0" 2040 +2b(v—b) = —b> +2bv+1> —2v .

But this is a quadratic function in b. For it to have a real valued solution, we
need that 0 < (2v)* — 4(—=1)(v* — 2v) = 8v(v — 1). This is clearly impossible,
since v < a < 1. Therefore there cannot be such a strategy.

Example 2. Let

0 forx <0
H= {x'/3 for0<x<1
1 for1 <x
In this example, g (x) = 2x~1/3, which is unbounded at x = 0. Thus Corollary
4.5 does not apply. In particular, it leaves open the possibility that (v;) > 0
for all v, > 0. And indeed, that is what happens. For this example the first
order condition is
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The best response set C*(v) has a single value for each v in [0,1], and
the function b(v) so defined is strictly monotonic with 5(0) = 0 and b(1) = 1.
Thus it is an equilibrium, by Corollary 5.4. Its graph is depicted in Figure 1.

Example 3. Let h(x) = 2(1 — x) for x € [0, 1] and zero elsewhere. Theorem 4.2
suggests that there might be an equilibrium with at least some pooling at
zero. (For this example g)(x) attains its maximum value of about 1.54 at
x = 0.42; thus the corollary suggests that there may be an equilibrium with
b(v) =0 for v € [0,1/1.54] = [0,0.65].) In fact there is an equilibrium with
some pooling at zero, and a discontinuous jump to positive bids for suffi-
ciently large values of v,.

For this example, the best response set C*(v) has a single value in [0, 1] for
almost all values of v. The function so defined is strictly monotonic, with
b(v) = 0 for v € [0,0.93]. Between 0.93 and 0.94 b(v) jumps discontinuously
from zero to approximately 0.87 and then increases continuously until
b(1) = 1. This is the only function which satisfies Theorem 5.2; there are no
equilibria with continuous bid functions. Figure 2 depicts its graph.

Example 4. This example illustrates two phenomena: pooling at intermediate
levels and multiple (in fact, a continuum of) equilibria. For a > 0, let H(x) be
the following continuous c.d.f.:
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For this example the best response set C*(v) has a single value for almost
every v in [0, 1]. But it does not define a monotonic function. For example,
Figure 3 depicts its graph when a = 0.115.

Corollary 5.5 allows us to construct a continuum of equilibria from such
a C*(v). For example one equilibrium follows the best response set C* except
in the interval 4B in the graph, where ¢* is constant. Any horizontal interval
connecting points on C*(v), and starting strictly before the peak of the
function, and ending strictly after the trough, will yield another solution.

6.1 A three-bid extension

All our examples of pooling thus far have had at least as many bidders as
units. What if there are more units than bidders? Since there must be at least
two bidders, this means at least three units, and Theorem 3.1 assures that any
S-equilibrium must then be strictly monotonic. There can be no pooling.

However, suppose we extended the model to allow each bidder to make
more than two bids. In particular, consider allowing each bidder to make
three bids. Imagine that the number of units is greater than the number of
bidders, but no greater than twice the number of bidders. Then it is possible
that no third bid wins. When it was possible that no second bid won, then
pooling was not unusual. Now that it is possible that no third bid wins, one
might conjecture that there would be examples in which the third bid is
always zero.

A general analysis of the multi purchase auction is beyond the scope of
this paper; however we include a natural extension of the previous examples
to the case of three bids per person, to show the possibility of a “two unit
bid” equilibrium:

Example 5. Three units are being auctioned to two bidders, each bidder being
allowed to make three bids. Each bidder’s three valuations (v;,v;,v3) are
distributed in such a way that the following are the marginal distributions:

Gl(l)l) = U%
Gz(vz) = (2 - U2)1)2

G5 can be arbitrary, provided v; is with certainty no greater than v,. In other
words, v; and v, are distributed as the first and second draws from two
independent uniform distributions; v3 could be, for example, distributed
uniformly on [0, v;]. Since we already noted above that b(vy,v;) = (v1,13) is
an equilibrium strategy for the case where the bidder makes only two bids, it
suffices to show that, given the other bidder’s strategy is (v1, v3,0), then a bid
of (v1,v3,0) dominates (vy,v3,c) for any c.

Let u; and u, denote the other bidder’s first and second values,
and assume the strategies are as described above. Then a bidder’s expected
profit is
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U =/2 vZ(Ul - U%) dG(u1,u2) +/ (U1 + vy — ZH%) dG(ul,uz)
wl>

2
2 v>ul>c

+/ Z(vl + vy — 2¢) dG(uy,uy) +/ (01 + v2 + v3 — 3u1)dG(uy, up)
u>c>u5 u

1<c

= — 03+ / (v2 4 3 — 23) dGy(u) + (2u3 — 2¢) dGy(uy)
ny>uy

u2<c

+ (03 +2c— 3u1) dGl(ul)

u1<c
and

ou

== 26,(V0) + (13 — 1 (€) +2Gi (0

=—2(2 - Ve)e+2(v3 — ¢)c +2¢2
=—4y/c+2c+203c <0

since 0 < ¢ < v3 < 1, with strict inequality if ¢ < 1. Therefore it is best for
c=0.

7 Discussion

This paper has provided characterizations of equilibria in uniform price
auctions under private values, where each bidder makes two bids. We have
shown conditions under which the auction yields strictly monotonic equi-
libria, and conditions under which there is or is not pooling of bids at zero.
We have also provided an example in which there is a continuum of con-
tinuous equilibria, none of them strictly monotonic, and an example in which
the only equilibria are discontinuous.

As the three-bid extension shows, zero bids are likely to be common in
uniform-price auctions under private values in cases beyond those examined
here. The crucial factor for the generalization appears to be the relation
between the total number of bids (the number of players times the number of
bids each will make) and the number of objects. If each individual can make
k bids, and the number of objects is no more than k(N + 1), it is likely that
there will be equilibria with zero bids on the final objects. In particular, in
applications in which the goods are infinitely divisible, it is particularly easy
to find perfect equilibria in which zero is the equilibrium price (see [6]; for
early examinations of auctions with infinitely divisible goods see [13], [21]).
Back and Zender [3] also find zero bids in equilibrium; however in their case
it is somewhat less striking: it is clear that in a common values auction with
no diminishing returns to purchases, there is no reason for an auctioneer
to divide his lots in the first place. In their environment, the revenue the
auctioneer obtains in a multi-unit auction can only be less than the revenue
obtained by selling all units as a single lot; multi-unit auctions simply give the
opportunity for implicit collusion among the buyers. In a private values
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auction, on the other hand, it is clear that selling all units in a single lot will
frequently give less revenue than dividing them for sale.

Noussair [16] provides the first order necessary condition (2.4) in his
examination of a special class of symmetric equilibria in which strategies are
assumed to be continuous, differentiable, monotonic functions. His class is a
subset of our S-equilibria. It omits the equilibria to Examples 2 and 3 of the
previous section; in those examples his class is empty.

Our results demonstrate that auctions in which individuals can receive
more than one unit differ dramatically from auctions in which each indi-
vidual receives at most one unit. In the common forms of single-unit auctions
or multi-unit auctions in which each individual wins at most one unit, objects
go the bidders with the highest valuation. Except for the effect of reservation
prices, these auctions result in efficient outcomes. Efficiency underlies the
revenue equivalence results for such auctions.

In the auction we have described here, however, the assignment of objects
to bidders is not efficient. In particular, in zero bid equilibria each bidder
wins at most one object even if his value for a second object exceeds the value
to other bidders. As we change auction rules, the assignment of goods varies.
In the multi-unit case, the standard forms of auctions are no longer revenue
equivalent.’

Pronouncements on the relative merits of various forms of auctions
cannot be justified by reference to single-unit models. Policy prescriptions
require a systematic examination of multi-unit models. This article should be
regarded as a first step in such a process; for the corresponding results in the
“pay-your-bid” auction, see [8].

8 Appendix

The first section of the appendix deals with two technical issues that arise in
the analysis of multiunit auctions — namely, the treatment of ties and the
definition of perfect equilibrium. The final section of the appendix provides a
general analysis of characteristics of asymmetric equilibria; the theorems on
symmetric equilibria in the text are corollaries of these more general results.

The need for care in defining perfect equilibria is clear in a game in which
the strategy space is a function space. The need for care in addressing ties
may be less apparent. It is conventional in analyzing auctions simply to
assume that the distributions of players’ bids is non-atomic, so that ties are
zero-probability events. In single unit auctions this is immaterial; however, as
we have seen, there are examples of multi-unit auctions in which, even
though the distribution of valuations is non-atomic, the only symmetric
equilibria have pooling of bids. Thus in the multi-unit context it is not in-
nocuous to rule out ties a priori.

% In [6] we examine the limits on the degree of inefficiency possible in uniform price auctions. For
an investigation of arrangements which perform better than uniform-price auctions, see [12]. For
an implementation of an efficient auction see [1].
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8.1 A formal treatment of the game

The appendix will continue to make use of the following conventions, in-
troduced in the text: For any function y(x) of a real number x, y(x—) denotes
limg;, y(%) and y(x+) denotes limg, y(%). The inverse y~! of a function y is
defined as follows:

77! (€) = sup{aly(x) < c}.

Let ¥ = {(v1,02)|6 > v; > v > 0}. Let the interval B = [b, b] denote the
set of “permitted bids.” We assume B D [0, 7]. A pure strategy for player n is
a Lebesgue measurable mapping from the player’s pair of valuations to a
pair of bids ¢" = (c],c}) chosen from the following set S:

S ={(c],c&5) e BxB, | >}

A pure strategy ¢ has a totally mixed outcome if for any open subset C of
S (relative to S),

/ dG(Ul,Dz) >0 .
C(Uhvz)EC

in other words, roughly speaking, any pair of permitted bids is a possibility.
A totally mixed strategy is a mixed strategy which places positive probability
on a pure strategy (or a set of pure strategies) with totally mixed outcomes. '

Definition. A strategy profile (cy,...,cqr1) 1S a perfect equilibrium iff there
exists a sequence of profiles of totally mixed strategies converging (in dis-
tribution of outcomes) to (cy,...,cp1) such that for each (vy,v;) in V,
ci(v1,v) is a best response to all profiles in the sequence.

8.1.1 Ties — A general formulation

A formal analysis must begin with a clear specification of the game’s rules
and expected payoffs in the presence of ties. For concreteness we assume that
each of the tied bids is equally likely to receive the good.!!

For 2N > 1>k > 1, let P, (c) denote the probability that the £ — 1th
highest of opponents’ bids is greater than c, the / + 1th highest of opponents’
bids is less than ¢ and all bids in between are equal to c. Each player’s
strategy generates a joint distribution of a pair of bids. Let J, (b1, b2) rep-
resent the joint distribution of the two bids for player n. Let Q) (c;i,))
denote the probability that exactly i of player »’s bids are above ¢ and exactly

10 We consider mixing in the distributions to avoid the technical complications of mixed

strategies for a continuum of types; see [15]. Because players’ preferences are independent, we do
not need to consider more general mixtures placing positive probability on general classes of
distributional strategies. Allowing for correlation between individuals’ preferences will add
significant complications; see [9, pp. 236-237).
11 There are other possibilities, even in symmetric games: for example, we could suppose that tied
bids have a higher priority if the bid is the higher of the two bids from an individual. For all our
results the actual rules for breaking the tie are immaterial, so long as no individual bid is
guaranteed to receive the good in the event of a tie.
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i bids are below ¢ (so Q(,) = 0 unless 0 < i+ j < 2). Given Ji), Q(x) is readily
calculated; if Ji,) is non-atomic, then Q,) = 0 unless i + j = 2. Then

Pe)= D - [[Cmleinin) -

i1 inyjn n
Y in=k=LY ja=2N-1
If the individuals’ distributions are identical, then the formula simplifies to

Z N' [Q(C, Oa 0)”] Q(C, 07 l)nZQ(Ca 1’ O)n3
nl!nzln3!n4!n5!n6! Q(c, 1, 1)"4Q(C, 2, O)HSQ(C, 0, 2)”6]

ny,..,ng
ny+ny+n3+ng+ns+ng=N
n3+ng+2ns=k—1
ny+ng+2ne=2N—1

Note P¢;(c) =0 if there is zero probability that any opponent’s bid is
exactly c.

Theorem 8.1. If ¢; > ¢, then the player’s expected payoff U is

// [U[ - maX{Cz,bz}] dF(b],bz)
{(B1,b2)|b2<cr }

+ // [vz —2b; +Cz] dF(bl,bz)
{(B1,b2)|b1<c2}

2N M
M—k+1)P(c
(01— 1) ZZ( )Pei(c1)

I=M k=1 I—k+2
N M-1
(M — k)Pi(c2)
+ 2—6‘2) . (81)
1—;1/:1 I-k+2

If ¢y =c, then U is

/ / [o — max{ca, b} dF (b, b)+
{(b1,b2)|b2<c2}

/ / (02 = 2by + 2] dF (b1, bo)
{(b1,b2)|b1<c2}

M Ql—k—M+8)M—k+1)P(c2)
+(o-e) E k13 —k+2)

I=M k=1
NN (M - k) (M = k+ 1)Py(c)
(02 = c2) _;lkz k13 —k+2) (82)

Proof. Theorem 2.1 establishes the integral portions of the payoff formulas,
which are applicable as long as ties are not of positive probability. The
bidder wins his first unit outright if and only if ¢; > b;; he wins his second
unit outright if and only if ¢; > b;. The second summation in (8.1) is the
expected payoff when c¢; > b; = ¢;; in this case there are / — k + 1 bids by
opponents competing with the bidder’s lower bid for M — k unallocated



Multi-unit uniform price auctions 249

goods. The first summation is the expected payoff when ¢; = by > ¢3; in this
case / — k+ 1 bids by opponents compete with the bidder’s higher bid for
M — k + 1 unallocated goods.

Next we consider the expression when the two bids are equal (8.2). If
by = by = ¢ =3, a tie will give the bidder two chances at obtaining the
goods. In this case there will be M — k + 1 unallocated goods, and / — k + 1

competitors; the chance of obtaining two units is ¥=ktl.M—k. the chance

1=k+3 1-k+2>
s e M—ktl _ M—k+1) M—k+1 o
of obtaining at least one unit is 7555 + (1 s +3) %32 This is the

interpretation of the summations when k<M and I>M-1. If
by =cy =c¢; > by, ie.,if I =M — 1, then one of the two units is guaranteed,
and its value is already included in the integral, which covers situations where
¢1 > by. In this case the chance to gain the second unit as well is the only part
to be included in the summation; it is for this reason that the limit of sum-
mation on the term in vy is / = M, while the limit of summation on the term
in vy is I =M — 1. Finally, if b; > ¢] = ¢; = by, i.e., if k = M, there is only
one unit in dispute, and the probability of receiving the second unit reduces
to zero, hence the limit of summation £k = M — 1 in the term in v,.

The summations in the two expressions are zero unless some Py ;(c) > 0
for suitable k, / — which again implies that there is a positive probability that
the M — 1th highest bid equals ¢, or the Mth highest bid equals c;. O

8.1.2 S-Equilibria and perfection

The main theorem of this subsection shows that S-strategies dominate all
other strategies. From this theorem it follows immediately that every perfect
equilibrium is an S-equilibrium (Theorem 2.3 of the text). The main theorem
of this subsection differs from the lemma on dominance in the text (Lemma
2.2) in two ways: it shows that dominance is strict in the presence of trembles
(necessary for perfection) and it addresses the possibility of ties in its cal-
culations. It is the latter difference which causes most of the difficulty. In the
absence of ties strict dominance follows immediately from the following four
properties (analogues of the facts used in Lemma 2.2):

1. For ¢; > max{c;,v;} (2.1) is decreasing in ¢;.

2. For v; > ¢ > ¢, (2.1) is increasing in c;.

3. The formula (2.1) is larger when c; is zero than when it is negative.
4. For ¢; > v, (2.1) is decreasing in c;.

All of these properties are strict if the distribution of opponents’ bids is
totally mixed. (The last of the results in its strict form is due to the fact that
(2.1) is the integral of Q, which decreases discontinuously when ¢, passes b;.
Thus if there is a positive probability that b, is in the interval over which ¢; is
changing, U decreases strictly.)

However, across discontinuities the behavior of the function U depends on
the summation terms in formulas (8.1-8.2). The following lemma pro-
vides characterization of the behavior of this function across discontinuities.
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Lemma 8.2. (a) Suppose ¢; > ¢;.

If ¢; < vy, then U(c)—,¢;) < Uler,er) < Ulei+,¢2) - (8.3)
If ¢; < vy, then U(C],CQ—) < U(Cl,CZ) < U(C],Cz+) . (84)

If ¢; > v; or ¢; > v, the inequalities reverse. If ¢; = v or ¢ = v; the ex-
pressions are equalities.

(b) If ¢y > v > ¢ > vy > c; then

lim¢oU(c+¢€,¢—¢€) > Ulc,c) (8.5)

limeoU(cy +€,¢1 +€) < Uler, 1) <limeoU(c; —€,¢1 —€) (8.6)
lim . oU(vy +€,v1 +€) < U(vy,v1) (8.7)

U(ci+,¢1) < Uler,e) (8.8)

Ulcr+,¢2) > Ulez,c2) - (8.9)

Part (a) says that when ¢ # c;, profits increase in ¢; across any discon-
tinuity if (v; — ¢;) is positive; they decrease across any discontinuity if it is
negative. If v; = ¢;, there is no discontinuity. The interpretation is identical
for discontinuities in c;.

Proof. (a) If ¢; > c; then at a discontinuity,
sgn{U(c1,¢c2) — Uler—,¢c2)}
_ 2N M (M— k+ l)Pk,I(cl) _
_sgn{(vl _CI)ZI=MZk=l I _k+2 —sgn{v1 —Cl}

and
sgn{U(ci+,¢2) — U(ey,¢2)}

- sgn{(vl —c)Pr{by =1} - ZI_M Zk 1 (M lk_+k:_13c1(61)]}
=sgn{v; —c1} .

The jump in the integral is (v; — ¢;) Pr{b> = ¢, }; the discontinuity in the
integral occurs to the right of ¢;. The summation equals zero except at cj,
where it is less than (v; — c¢1) Pr{b, = ¢;} in absolute value. (To see this,
note that the sum of all the P ;(c) in the summation is equal to Pr{b, = ¢ };
in the summation each is multiplied by a coefficient which is no greater
than one.) The argument is identical for sgn{U(ci,c;) — U(c1,c2—)} and
sgn{U(c1,c2+) —U(cr,e2)}-
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(b) At a discontinuity,
limeoU(c +¢€,¢c —€) — U(c,c)
=Pr{by =c}(v1 —¢c) — (v1 —¢)
ZzN: M 21—k =M+ 4 M~k +1)Pei(c2)
(I-k+3)(-k+2)
ZXN: (M — k) (M -k +1)Pey(c2)
o (I-k+3)(I—k+2)

I=M k=1

172—-(?
li

> Pr{by = c}(v1 —¢) ZZ v — )

I=M k=
(21—k—-M+4)(M—-k-|— I)Pk,l(q) >0
U—k13)(—k+2) =0

1 k=1

if v1 > ¢ > 0.
lime;oU(c) +€,¢1 +€)
=Pr{by =c1}(vn — 1) + Pr{by = c1}(v2 — 1)
(01— ) %i (21 —k le++4;% Il:;l_-z))PkJ(cz)
=M k=1
o KR (M = k)M — k+ 1Pei(ed) _
(I-k+3)(I-k+2) —

- (02 - Cl)
I=M-1 k=1

and
Ulcr,c1) — limeyg U(er —€,¢1 —€)
_ (01 —Cl) 2N M (2l —k —M+4)(M —k+ l)Pk,I(Cz)
I=M £k=1 (I—k+3)(I—-k+2)
2N M-1 (M — k)(M —k+ I)Pk,I(Cz) <0
I=M-1 Lak=l (] —k+3)(I—-k+2) ~

+ (1 — 1)

if ¢; > v,. Finally,

limew U(C+ €, C) - U(C, C) =
W M-1 (M — k)P (c)
(2 —c ZI—M 1 Zak=1 [ _k+2
(20 —k—M+4)(M -k + 1)Pe(c)
_(vl_c)Zl-MZkl (I—k+3)(I-k+2)

Pr{b, = c}(v; —¢c) +

3 N M-1 (M — k)(M — k+ 1)P(c)
@22y 2 T (k) =k +2)

which is non-positive (non-negative) if both (v; —c) and (v, — ¢) are non-
positive (non-negative). O

We are now able to prove the main theorem of this subsection:
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Theorem 8.3. Any strategy is weakly dominated by a strategy in set S.
Furthermore, if strategies of opponents are limited to classes in which bids
occur in every feasible interval with positive probability (for example,
strategy sets in which “trembles” in bidding occur), then the dominance is
strict.

Proof. Within each step of the proof, we use the term “dominant” to mean
strictly dominant if the distribution of opponents’ bids is totally mixed and
weakly dominant otherwise.

Step 1. If ¢; or c; < 0, then the bid (cy,c,) is dominated by the following
bid: (max{c,,0}, max{c,,0}).

By property 3.

Step 2. If ¢; > max{cy,v1} then the bid (c1,c;) is dominated by the fol-
lowing bid: (max{cy,v;},¢c2).

By property 1, U is decreasing in ¢; whenever it is continuous in this
region; and by Lemma 8.2(a) and inequality (8.8), U is decreasing over
discontinuities in this region. Finally, by Lemma 8.2(a), U is continuous in c,
at v;. Thus, (max{cy, v}, ;) dominates (cy,c3).

Step 3. If ¢\ > v\ the bid (c1,c)is dominated by the bid (v, v;).

If ¢; = ¢; formula (2.1) can be rewritten as

// [v1 + v2 — 2by] dF (b1, b7)
{(b1,b2)|b2<c1 }

"‘// [v1 = c1] dF(by,b2) .
{(B1,b2)|b2<c1<b1 }

which is weakly decreasing in ¢; for ¢ greater than v;. So if U is continuous
in this interval, it is weakly dominating to decrease both bids (and, again,
strictly dominating if there is a positive probability that a competing bid lies
between the old and the new bids). Moreover, by inequalities (8.6-8.7), U
increases as c; decreases across discontinuities in this region, up to and
including any discontinuities at (v;,v;). Thus (v;,v;) dominates (cy,¢;).

Step 4. For ¢ < vy every bid (c1,c1) is dominated by a nearby bid (c1,c;)
with ¢ > ¢;.

For ¢; > vz, we will consider a nearby bid (¢; +€,¢; —¢€). If (¢1,¢1) is a
point of continuity, this claim follows because of properties 1, 2, and 4. If
(c1,¢1) is a point of discontinuity, it follows from inequality (8.5). For
¢ < vy, we will consider a nearby bid (¢; +¢€,¢1). If (¢1,¢1) is a point
of continuity, this claim follows because of property 2. If it is a point of
discontinuity, it follows from inequality (8.9).

Step 5. For all ¢; < ¢ < vy, (¢1,¢2) is dominated by (v}, cz).

Follows from property 2 for continuous points and Lemma 8.2(a) for
discontinuous parts.

So far we have shown that all other bids are dominated by bids of the
form (vy, ¢3), for ¢; > 0. The final step is to show that if ¢; > vy, this bid is in
turn dominated by (v;,v;). On continuous intervals, this follows from
property 4. Over discontinuities, it follows from Lemma 8.2(a). O
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8.2 Characterizing S-equilibria
8.2.1 Preliminary results

As a matter of convention, we take the marginal distributions Fj(-) and F(-)
of opponents’ bids to be left continuous. In other words, F(c+) — F;(c)
= Pr{b; = c}. We will use the symbolism f: to denote the Stieltjes integral on
[a,b). The following theorem extends the formula for U in S-strategies
(Theorem 2.4) to cover the possibility of ties.

Theorem 8.4. If the player has valuations (v;, v;) and is bidding (1, c;) where
vy > ¢; > 0, then the expected payoff U(c,, v1,v;) takes the following form:

U= /"1 F(by) dby + 2/0021‘_'1(171) db) + (v, — c2)[F](02)

(5
+ ¢(c2)(Fi(eat) — Fi(e2)]
where ¢ is independent of (v1,1,),0 < ¢ < 1.

(8.10)

Proof. When v; = ¢, the equation (2.1) reduces to the expression (8.10),
omitting the final term. If ¢; > ¢y, then (v; — c2)P(ca) Pr{b; = ¢} must be
the summation terms of formula (8.1). The first summation is multiplied by
(v1 — 1) = 0; in the second, the coefficient on (v; — ¢3) is positive, inde-
pendent of (v;,v2), and less than Pr{b; = ¢;}. If ¢; = ¢, then both bids must
equal v; = v,, and all summation terms in (8.2) vanish. O

A corollary of this result places strict limitations on the occurrence of
pooling in S-equilibria.
Corollary 8.5. If ¢; < v, and Pr{b; = c;} > 0, then (v;,c;) is not a best
response given valuations (1, ;).
Proof. Under these conditions, U(ca+, v1,v2) > Uca, vy, 02). O

The following two lemmas underlie many of the characteristics of
S-equilibria. The first generates conditions under which shading the lower
bid is desirable. The second puts severe restrictions on non-monotonic best
responses.

Lemma 8.6. If F (v;) < F>(v2), then there exists ¢; < vy such that U(cy, vy, ;)
> U(vy, v1,07).

Proof. Direct calculation shows that

%] v2
U(vz,v1,v2) — Ulez,v1,02) = —/ F>(by) db, +2/ Fi(by) dby — (v2 — c3)

Ccy Cc2

x [Fi(c2) + ¢(c2)(Fi(cat) — Fi(c2))
< —/ ze(bz) db,

2

+ z/vzl’l(h) dby — (v2 — c2)Fi(c2)

2
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Since F; and F; are left continuous, this last expression is left continuous and
left differentiable at v,. Its derivative with respect to c;, evaluated at v, is

Fy(v2) — Fi(v2)

Thus for ¢, sufficiently close to v,, as long as F>(v2) > Fi(v,), this final ex-
pression is negative. (If U is differentiable in ¢, at c; = v,, then the result
follows immediately from formula 2.3.) O

Lemma 8.7. Given a distribution of opponents’ bids, let bids (v, c;) be a best
response when the player’s valuations are (v;,v;) and let (v},c}) be a best
response when valuations are (v}, v5). Suppose v > v;. Then ¢} < ¢, implies
that Fi(c2+) = Fi(c}) = Fa(e2+) = Fa(c3)

In other words, the probability that either b, or b, lies in the interval
[¢),¢2] is zero.

Proof. Define Fi(c) = Fi(c) + ¢(c)(Fi(c+) — Fi(c)). We know that
U(027 Uy, 1)2) - U(CIZy vy, UZ) Z 0
U(C27v,1’vl2) - U(cl2»v/lavlz) <0

or, substituting formula (8.10)

—/Cze(b) db+2/;Fl(b) db+ (02 = 2)Fi(¢2) — (02 — h)Fi(ch) > 0

@8.11)
—/;ZFZ(b) db+2/lczFl(b) db+ (th — c2)Fi(c2) — (vh — &5)Fi(cy) <0
2 2 (8.12)

Combining, we have
(th — v2)(Fi(ch) — Fi(c2)) > 0
or
Fi(c)) > Fi(ca) -
Since ¢}, < ¢;, we must have in fact
Fi(ch) = Fi(e) -
In turn this implies that ¢(cy) = ¢(c2) =0 and
Fi(cy+) = Fi(e2) ,

for if either Fi(c,+) > Fi(c}) or Fi(c2+) > Fi(cz), then it would have to be
the case that Fi(c}) > Fi(cy).

Substituting this information into the two inequalities (8.11-8.12) and
comparing the two yields the following equation:

—/ F(b) db+2/ Fi(b) db — (c2 — ¢y)Fi(c2) =0
LA c

2
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or since F; must be constant on the interval (5, ¢;) and its integral over that
interval equals (c; — c5)Fi(c2)

2
—/ Eo_(b) db + (Cz - CIZ)Fl (Cz) =0.
)
and, since F; > F| at all levels, this in turn implies that /> must be constant
on the interval and equal to the constant value of Fj. O

8.2.2 Results for asymmetric equilibria

In this section we describe some characteristics of S-equilibria, consequences
of results 8.6 and 8.7. The results in this section apply to all equilibria. Some
of the results require the following mild restriction on the distribution G :

Condition C : For every positive valuation v, there is a number € > 0 such
that for any valuation v, Pr{v; < v|v;} > €.

In other words, there is some chance that v; is arbitrarily small, no matter
what v; is.!"> If G is based on independent draws, condition C holds auto-
matically.

Theorem 8.8. In any S-equilibrium, if the number of bidders is at least as
great as the number of units for sale, then all bids are weakly increasing
functions of the valuations.

Proof. Recall that the distribution of a bidder’s higher valuation is assumed
to be strictly increasing throughout the interval (0, 7). From the point of view
of agent 1, as long as there are at least M — 1 bidders competing with him,
and each of these competitors has a positive probability that his high bid lies
in any interval within (0,7), then there can be no two distinct values ¢}, ¢,
lying in the interval, such that Fi(c)+) = Fi(c2). Thus by result 8.7, bids must
be monotonic in valuation. |

Theorem 8.9. If condition C holds, and if the number of bidders is at least as
great as the number of units for sale, then in any S-equilibrium for all
v € (0,0), ¢ < v3.

Proof. By result 8.6, if ¢; = v, then Fj(v;) = F>(v2). In other words, there is
zero probability that exactly M — 1 bids are equal to or above v,. There is a
positive probability that any bidder’s top bid is above or below v;, and a
positive probability that his lower valuation (and therefore his lower bid) is
below v;. Therefore, as long as N + 1 > M, there is a positive probability that
exactly M — 1 top bids are above v, and the remaining bids are below. []

The next theorem is the analogue of results 8.8-8.9 when the number of
bidders is less than the number of units for sale.

12 For some results, the uniformity of the bound ¢ can probably be relaxed.
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Theorem 8.10. Suppose the distribution G satisfies condition C.

1) Suppose a player bids (v;, c2) given valuations (v1,v;) and (v}, ¢5) given
valuations (v},v}), where v > v, and ¢, < c,. Then with probability 1,
by < ¢, and the player is indifferent between bidding ¢} and c;.

2) Suppose a player whose valuation is (v;,v;) bids (v;,v;). Then with
probability 1, b; < v,.

Proof. The previous theorems already handle the case of N + 1 > M; there-
fore assume, without loss of generality, M > N. Suppose there is a non-
monotonicity of bids such that ¢, < ¢, when the corresponding valuations
are such that v, > v,. We will show that all opponents’ lower bids lie below ¢}
with certainty.

Consider the event b; > ¢); call this event Eq and suppose Pr{Ey} > 0. Let
E; denote the event (b; > ¢} and b, < ¢}). From the theorem of the previous
section, we know that Fi(cj+) = F>(ch). This means that Pr{E,} =0. In
other words, when at least M — 1 bids are above ¢, the Mth highest bid must
be as well. We will generate a finite sequence of events Ey, E|, . .., E; in which
Pr{E;;1}/Pr{E:} >0, and E, C E,, thereby contradicting the assumption
that Pr{Ey} > 0. To do so we exploit the independence across bidders, and
drop one bid at a time below ¢), until we have exactly M — 1 bids above.
Start with the lowest bid above ¢,. If this bid is a lower bid for that indi-
vidual, then consider the event in which all other bids are unchanged but this
bid is reduced below ¢5. We know that there is a positive probability e that,
given his higher valuation, his lower valuation lies below ¢} (and therefore, so
does his lower bid). Thus Pr{E,}/Pr{Ey} > €. On the other hand, if the bid is
a higher bid for that individual, then his lower bid must already be below c}.
Thus Pr{E,}/ Pr{Ey} > Gi(c,—) > 0. Proceed in this way dropping bids one
by one, until exactly M —1 bids remain. Therefore we conclude that
Pr{b, > ¢} = 0. In other words, at least 2N — M + 1 of the competitors
make second bids lying below ¢} with probability 1.

The proof for part 2 is analogous, and omitted. O

Part 1 of Theorem 8.10 says, in short, that the only time strategies in S-
equilibria are not monotonic is when the region in which there is not
monotonicity is strategically irrelevant to the player making the bids. This
means that for every such equilibrium there is a closely related equilibrium
which is monotonic:

Corollary 8.11. Suppose G satisfies condition C. If we are given an S-equi-
librium in which some players’ strategies are not monotonic in valuations,
then there is another S-equilibrium in which all players’ strategies are
monotonic in valuations and in which each player’s distribution of bids is the
same as the distribution of bids in the original S-equilibrium.

Proof. Since the player is indifferent between any bids in the non-monotonic
region, they can always be rearranged such that bids are monotonic func-
tions of v, and the distribution of the second bid is unchanged. Such a
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rearrangement will have no effect on the distribution of F, and F, as observed
by competitors and therefore will have no effect on their bids (it may have an
effect on the exact valuation of ¢ since it may change the joint distribution of
(v1, c2) but it will not change the set of values of ¢, such that pooling occurs,
and therefore has no effect on opponents strategies). O

We can find all S-equilibria by finding the monotone equilibria and then
allowing for permutations of bids in the region above which b; never lies.
Strictly speaking, it is not the case that all S-equilibria involve strategies in
which the bidder’s second bid depends only on the second value, but as the
following theorem demonstrates, there is no loss of generality in restricting
attention to such equilibria (cf. [16]). Again, once we have found this class of
equilibria, we can readily generate the remaining equilibria.

Theorem 8.12. Suppose G satisfies condition C. For each weakly monotone
S-equilibrium there is another equilibrium a.e. equivalent in which the
player’s second bid is independent of the valuation placed on his first unit.

Proof. This follows from two observations: 1) The set of choices for ¢; which
maximize the bidder’s expected utility is independent of the value of first unit
1. 2) The set of v;’s such that there is more than one bid ¢; which maximizes
profit is a set of measure zero. O

8.2.3 Results for symmetric equilibria

The results in section 3 of the text are corollaries of the more general results
provided in the previous section of this appendix. Their proofs follow.

Proof (Theorem 3.1). From Theorem 8.8, we know that N +1 > M, sym-
metric equilibria are weakly monotone. In the case of M > N Theorem 8.10
says that if the bid of player 1 is not monotone in some region, some other
players are banned from making second bids in that region. Thus all sym-
metric equilibria are weakly monotone. Corollary 8.5 demonstrates that it is
never an equilibrium for a bidders to make a lower bid ¢, which has a positive
probability of equaling the M — 1th highest bid by other players and which is
lower than the valuation v;. Suppose in a symmetric equilibrium c;, is identical
across several valuations v;. Then, in a symmetric equilibrium, as long the
number of goods at auction is as at least three and no more than 2N — 1 and
either 1) the bid is greater than zero or 2) there are more goods than bidders,
there is a positive probability that this bid is the lowest winning bid. Since this
bid is occurring for several different valuations, it must be the case that for the
highest of these valuations the value placed on the good by the bidder is strictly
greater than the bid. In this case, an infinitesimal increase in the bid carries an
infinitesimal cost in the possible increase in the price paid for the first unit, and
a discrete gain in the possibility of winning the good outright. Oa

Proof (Theorem 3.2). We have proved the result more generally in the
asymmetric case where N + 1 > M. Therefore assume that M > N. By result
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8.6, decreasing the bid slightly below the valuation v, increases the expected
payoff as long as

F (Uz) < Fz(vz) . (8.13)

This is the case unless there is zero probability that exactly M — 1 of the
opponents’ bids are above v;. For interior values of v, there is a positive
probability that any first bid is below or above, and positive probability that
any second bid is below. As long as second bids are a strictly increasing
function of second valuations on the positive portion of the domain, this is
true for second bids as well. Therefore condition (8.13) holds. O
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