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Abstract

We study the effect of sharing cost information in dynamic oligopoly. Firms can
agree to verifiably share information about common costs, as with the aggregation of
input costs by an industry trade association. Cost information that is not directly
shared is revealed through observed prices. We show that such information sharing
agreements lead to higher prices and reduce consumer surplus when either demand
is inelastic or goods are highly substitutable. Information sharing agreements that
increase the equilibrium informativeness of prices increase expected prices and reduce
consumer surplus. In markets with a large number of firms, information sharing has
a minimal impact on expected prices and can increase both consumer and producer

surplus when goods are not too substitutable.

1 Introduction

In a strategic market interactions, prices contain information about firms’ underlying cost
structures. What a competitor learns about a firm’s costs depends on what it knows prior
to observing the firm’s price. This dependence is both direct — better initial information
leads to better inference from prices — and indirect — changes in the initial information
structure lead to changes in pricing strategies. A competitor’s ability to learn from a firm’s
prices affects their own pricing strategies, and the initial information structure therefore

affects market surplus. In this paper we consider the effect of sharing information about
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common costs while hiding information about specific costs, in the context of dynamic price
competition. We show that information sharing unambiguously increases prices, but welfare
effects depend on the substitutability of goods and the elasticity of demand.

In practice, information sharing is one key service of trade associations. Trade associa-
tions can increase producer surplus by aggregating information regarding demand or costs, or
by explicitly coordinating strategic decisions.! Improved producer surplus frequently comes
at the cost of consumer surplus, and price coordination and private information sharing
are generally considered anti-competitive by antitrust authorities.? An “honest” trade as-
sociation, barred from sharing strategic plans or firm-specific information, may still share
information about industry trends. For example, it may generate a market forecast of raw
input prices. We model this honest trade association, which aggregates only information
about costs which are shared by all firms, and we show that when goods are substitutable or
demand is inelastic even this seemingly innocuous trade association will be anti-competitive.

Our main contribution is the identification of a novel and endogenous inference channel
which is affected by information sharing. This channel arises from the separation of firm
costs into common and specific components. As discussed above, an honest trade associa-
tion is restricted to sharing industry-wide information, and firms within a trade association
may remain uncertain of each others’ costs. In this context, sharing information provides
increased precision regarding common costs, which in turn increases the incentive to soften
subsequent competition. This tradeoff cannot exist without multidimensional uncertainty.
Our analysis assumes a multidimensional cost structure (vs. e.g., Sweeting et al. [2019]),
perfect observations of market outcomes (vs. e.g., Bonatti et al. [2017]), and inference from
these observations (vs. e.g., Raith [1996]); we review related literature in detail below. We
show that expected prices are monotonically related to the informativeness of prices, and
use this relationship to derive results on the welfare effects of information sharing. In an
extension, we show that all our results are robust to partial verifiability.?

Before a further overview of our results we give a basic statement of our model. We study

I'Examples of the former include Case AT.40136 — Capacitors, and American Column & Lumber Co. v.
United States. Examples of the latter include United States v. Nippon Paper Indus. Co., Ltd, and United
States v. Archer Daniels Midland Co.. For an overview of different forms of information sharing, see Kiithn
[2001] and Marshall and Marx [2014].

2The extent to which information sharing is permissible depends on the antitrust authority. In the
U.S., regulators judge information sharing agreements between competitors by the rule of reason but note
“[...] the sharing of information relating to price, output, costs, or strategic planning is more likely to raise
competitive concern than [...] less competitively sensitive variables” (April 2000 FTC/DOJ Guildelines for
Collaborations Among Competitors). In Europe, regulators have stricter principles declaring that sharing
of information relevant to future prices is a restriction of competition by object (2011 Guidelines for Article
101 of TFEU).

3In Section 5 we model partial verifiability as firms sharing only a fraction of their cost information. This
is equivalent to verifiability of only some dimensions of a multidimensional cost structure.



dynamic differentiated-good Bertrand competition where demand is common knowledge but
firms have private information about costs.* Costs consist of two components: specific costs
incurred by a particular firm (for example, a labor contract), and common costs that are
shared by all firms in an industry (for example, raw input prices). In the first period each firm
has imperfect information regarding its own costs, as well as those of its opponents. Firms
may share verifiable information about common costs, as through a trade association. If
they do so, they will have identical information about common costs but remain uninformed
about their competitors’ private costs.” Before second period competition each firm learns
its own costs. To infer the costs of competitors, firms interpret first period prices as signals
of costs, and update their beliefs accordingly before making second period pricing decisions.

We give an implicit characterization of equilibrium in linear pricing strategies and show
that it is unique (Theorem 1). In this equilibrium we analyze the effects of sharing infor-
mation about common costs. Sharing information increases the precision of firms’ beliefs.
The immediate effect is that firms can set prices closer to the known-cost optimum, which
increases producer surplus. Tying pricing decisions more tightly to actual costs increases the
variance of each firm’s price as well as the covariance of the firms’ prices. Increased price
variance improves ex ante consumer surplus, while the effect of covariance depends on the
substitutability of the firms’ products.®

In addition to the direct effects of improved precision, information sharing indirectly
impacts market outcomes by altering pricing strategies. If common cost information is not
shared, firms have two-dimensional private information: signals of their specific costs, and
signals of their common costs. As illustrated in Figure 1, first period prices pool information,
and a high first period price may be indicative of high expected specific costs, high expected
common costs, or both. If common cost information is shared each firm’s private information
is reduced to a single dimension, and its first period price will be more informative of its
specific costs.” Irrespective of information sharing, firms have an incentive to increase first

period prices in hopes of indicating high costs and softening subsequent competition. When

4Analyzing Cournot competition in our framework is straightforward but tedious. Roughly, Cournot
competition reverses the signs of our results under Bertrand competition; this is in line with, e.g., Vives
[1984] and Raith [1996].

°In Section 5 we adapt a model from Vives [2001] to analyze the case of partial information sharing,
where firms share verifiable but imperfect signals of their own information about common costs. Under
partial information sharing, firms do not have identical information about common costs.

6This same logic is at play in the rich literature on sharing information about uncertain demand. See
the early work of Clarke [1983], Vives [1984], and Kirby [1988], among others. These results focus on static
competition and do not consider dynamic incentives to hide private information.

"In the separating equilibrium we obtain, when common cost information is shared the firm’s first period
price is perfectly indicative of its first period signal of specific costs. Because the initial signal of specific
costs is noisy, its competitor remains uncertain of the firm’s specific costs even after witnessing first period
prices.
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Figure 1: A high price (orange line) can be indicative of a high expected common cost or a
high expected specific cost, while a low price (blue line) can be indicative of a low expected
common cost or a low expected specific cost. When the opponent believes all signals are
possible (shaded area) its information after witnessing the firm’s price is that signals fell
somewhere on the iso-price curve. When the opponent has full knowledge of the firm’s
expectation of common costs (dark gray line) it can uniquely identify the firm’s expected
specific cost (dotted lines).

prices are more informative about firm-specific costs firms have a stronger incentive to over-
represent these costs, and prices are more distorted when information is shared. Thus, as
we show, information sharing increases expected first period prices (Theorem 3).8

The overall effect of information sharing on welfare is determined by the relative im-
pacts of increased precision and incentives to soften competition (i.e., increased prices). We
consider three cases. First, when demand is relatively inelastic, strategic effects dominate.
Demand does not respond strongly to the increase in prices caused by information sharing,
and information sharing reduces consumer surplus. The effect on producer surplus depends
on substititability: information sharing increases producer surplus when goods are substi-
tutes and decreases producer surplus when goods are complements. Second, when goods
are relatively substitutable (independent of demand elasticity) the price increase induced
by information sharing outweighs any benefits of increased variance as well as the increased
covariance of prices (Proposition 4). Third, when the market is large strategic considera-
tions essentially vanish.? In this case, information sharing always improves producer surplus
(Proposition 5), while its effect on consumer surplus depends on the substituability of goods

and the initial information about common costs (Proposition 6). These effects are summa-

8 As we also show, information sharing has no effect on expected second period prices. All welfare effects
in the second period arise from the increased ability of firms to learn about their opponents’ specific costs
when common cost information is shared.

9The bulk of our analysis is carried out in the context of a duopoly. We show that the basic structure
of equilibrium applies to any number of firms and provide a welfare analysis as the number of firms goes to
infinity.



Complements Mild substitutes  Strong substitutes

(r<0) (0<r<1/2) (1/2 <)
Inelastic demand' (a > b) PS|, CS) PSt, CS) PStT, CS)
Large market (n — 00) PStT, CSt PSt, CSt* PST, CS)

f Inelastic demand assumes n = 2 firms (c.f. Proposition 4).

* Large market consumer surplus with mild substitutes assumes initial precision is low (c.f. Proposition 6).

Table 1: The surplus effects of information sharing. Notation given in Section 2.

rized in Table 1.

Finally, we consider the impact of general information sharing agreements, where firms
agree to share a portion of their initial information. This type of agreement may arise in the
case where only some cost information is verifiable. We show that expected prices are ranked
by equilibrium informativeness of prices (Proposition 7). Moreover, sharing any amount of
information about common costs increases price informativeness, and therefore increases ex-
pected prices; on the other hand, sharing information about firm specific costs reduces price
informativeness, and therefore reduces expected prices (Proposition 8). Because our surplus
results depend only on the informativeness of prices, increased sharing of common cost in-
formation still reduces consumer surplus, while increased sharing of specific cost information
increases consumer surplus, provided demand is relatively inelastic (Corollary 3). A natural
interpretation is that a trade association interested in maximizing producer surplus should
aggregate and share as much (or as little) information as possible: all solutions to this trade
association’s problem are corner solutions.!®

While motivated by information sharing agreements that are facilitated by trade asso-
ciations, our results are not sensitive to the source of aggregated information. Consumer
surplus can be harmed by any public source of common cost information. For example,
firms may reduce development costs by eliminating in-house research teams and outsourcing
market research to a consultant. If this consultant is used by all firms in an industry (where
goods are substitutes) consumer surplus will be lower than if firms generate market forecasts
independently. On the other hand, our results suggest that consumers may be better off if

many firms across complementary industries share a common source of input market data.

10Tn particular, we do not consider the objective function of the entity responsible for aggregating and
disseminating shared information. A trade association partially interested in, e.g., consumer surplus, may
choose to aggregate less common cost information.



1.1 Related literature

Our results relate to past work on the competitive effects of information sharing, and the
dynamic revelation of information. Two properties of our model distinguish our results from
the existing literature. First, firms have multidimensional private information about costs,
which are partially common. Second, competition is dynamic, so observed prices signal
information that affects subsequent competition.

In dynamic oligopoly models with incomplete information firms distort strategies to sig-
nal information that is beneficial to the firm in later stages of competition. In dynamic
Bertrand competition with private information about costs, Mailath [1989], Mester [1992],
and more recently Sweeting et al. [2019] describe the incentive to soften competition by
over-representing cost through a choice of a price that is higher than is stage optimal. In
Cournot competition with observed prices, firms can signal jam when selecting unobserved
output quantities. Mirman et al. [1993] look at the case where firms have private information
about individual demand curves. Bonatti et al. [2017] characterize the dynamics of signal
jamming and learning when firms begin with private information about (only) specific costs.
In our Bertrand framework, firms have the familiar incentive to soften competition by over-
representing costs, and a rich strategy space by which to achieve this goal. Signal jamming
relates to the weight the firm places on each source of information when choosing price. By
reducing the weight on one source of information the firm reduces the informativeness of the
price about this source.!’ In settings other than dynamic oligopoly, the impact of external
incentives on the informativeness of the signal given two dimensions of private information
has been considered in Frankel and Kartik [2019], Bénabou and Tirole [2006], Fischer and
Verrecchia [2000], and Bagwell [2007], among many others.

In models with specific and common costs, firms put different weights on information
about different cost components. In this paper, firms weigh common cost information more
than specific cost information when selling substitutes, and weigh specific cost information
more than common cost information when selling complements. This follows the basic
intuition of Angeletos and Pavan [2007] where agents have both private and public signals
about a single parameter and weigh private (public) signals more when actions are strategic
substitutes (complements).!? Similarly, when firms compete in supply schedules, Bernhardt
and Taub [2015] shows that firms will place additional weight on private signals over common

signals. The ability to signal jam in their setting increases the difference in the relative use

UMirman et al. [1994] identify that an increase in the choice of quantity will reduce the informativeness
of price about uncertain demand in the Cournot setting where incomplete information is symmetric.

12Tn a Bertrand setting, Myatt and Wallace [2015b] show that too much public information is used from
the perspective of consumers, and a less-than-efficient amount is used from the perspective of the firms.
Myatt and Wallace [2015a] find opposite results in Cournot competition.



of information, as firms prefer to reduce the informativeness of market prices about privately
observed, common-valued information.

Results are mixed concerning the impact of information sharing on consumer welfare in
oligopoly competition with private cost information. This has lead to differing conclusions
about the competitive nature of information sharing agreements; see discussions in Kiihn
and Vives [1995] and Vives [2001]. Under monopolistic competition, Vives [1990] shows
that information sharing harms total surplus under price setting while improving it under
quantity setting. Under Bertrand competition, prices are strategic complements and infor-
mation sharing increases the covariance of prices, leading to larger variance of quantity and
lower expected surplus. Under Cournot competition, quantities are strategic substitutes and
information sharing leads to lower variance of aggregate quantity, and therefore higher ex-
pected surplus.'® In our setting expected prices increase when information is shared, and
this reduces the likelihood that information sharing yields a welfare improvement. When the
number of firms is large, signal jamming incentives are minimized and welfare improvement is
possible: both profits and consumer surplus increase when there is significant differentiation
between products.!* Additionally, incentives to share private cost information in Bertrand
competition depend on the structure of firms’ information. For example, firms may prefer
to share no information about perfectly-known private costs [Gal-Or, 1986], but it may be
profitable to share affiliated noisy signals of cost parameters [Sakai, 1986].'5

Finally, in a similarly-motivated paper Jeitschko et al. [2018] examine the impact of
firms sharing information about a private-valued cost component in the context dynamic
competition. When costs are one-dimensional, information sharing eliminates all private
information, and along with it all incentive to soften competition. While firms directly
benefit from the increased precision of shared information, the strategic effects of more precise
information reduce expected prices and information sharing is not generally profitable. Our
paper offers a stark comparison: sharing common cost information increases the incentive
to soften competition and can therefore have a positive effect on profits. We identify that
the qualitative difference in these results stems from the differing impact of the information
sharing agreement on the equilibrium informativeness of price as a signal of private costs.

The rest of the paper is organized as follows. Sections 2 and 3, respectively, introduce and

analyze the model of two period price competition without information sharing. Section 4

13Tn Cournot competition, Shapiro [1986] shows that information sharing of cost information increases
total welfare and Sakai and Yamato [1989] show consumer surplus improves when products are differentiated
enough and costs are positively correlated, similar to our conditions for an increase in consumer welfare.

1In the case of procurement auctions, Asker et al. [2019] show that sharing information about bidder
competitiveness can improve bidder and consumer surplus at the expense of auctioneer revenue.

15See further discussions in Raith [1996] and Vives [2001].



studies the strategic and welfare impact of information sharing in a duopoly and in the
case when the number of firms is large. In Section 5 we consider the impact of more general

information sharing agreements. Section 6 concludes. Most proofs are given in the appendix.

2 Model

Two firms, i and j, compete for market share over two periods ¢t € {1,2}. Demand is linear

in prices, symmetric across firms, and time-independent. Firm i’s demand is given by
_ 16
¢t = a — bpy + epjy.

The demand parameters a and b are strictly positive, while the sign of e determines whether
goods are complements (e < 0) or subsitutes (e > 0). We assume that demand is weakly
more sensitive to a firm’s own price than to its opponent’s, so that —b < e < b. Throughout,
we let r = e/b, —1 < r < 1, denote the relative dependence of firm i’s demand on firm j’s
price. Each firm faces a constant marginal cost ¢; that is the same in each period, so profits

are
T = (pit - Ci) qit-

Firms are initially uncertain about their marginal costs of production, but know that
costs are comprised of a specific component 6; and a common component p; firm ¢’s constant
marginal cost is the sum of the two components, ¢; = p + ;. We assume that cost com-
ponents are joint-normally distributed with zero covariance, so that 6;,60; ~ N(ug,0j) and
p ~ N(pu,, O’i). We further assume that demand is sufficiently strong relative to costs and
elasticity, a > (b — e)E[¢;]. Throughout, we will denote the precision of 6;,6; by 79 = 1/03
and the precision of p by 7, =1/ Jﬁ.

Play proceeds in two periods. In the first period, each firm receives two noisy signals,
sip and s;,, of the values of their specific and common costs, respectively.!” These signals
are normally distributed with uncorrelated error terms, and the error terms are uncorrelated

between firms. We model these signals as sy = 0;+¢4 and s;, = p+¢;,, where €;9 and ¢;, are

2
0

we denote the relative precision of firm i’s signal of variable x by 7, = 70/ (70 + Tiz) =

independent and normally distributed with mean zero and variance o2 and o7, respectively;

o2/(c2+c?,), and assume parameters are such that 7;, € (0,1).'"® All uncertainty is common

16Unless otherwise specified, our equations and inequalities should be taken to be symmetric for agent j.

17Tt is not essential that firm i has imperfect information regarding its specific cost 6;, since our results
depend only on what firm j can learn about firm i’s specific costs. We assume noisy signals of specific costs
for consistency with noisy signals of common costs; we discuss this assumption further in Section 3.

BOur algebraic results are unaffected by the assumption that 7;, ¢ {0,1} (taking limits where appro-



knowledge.

In our benchmark model, without information sharing, firms simultaneously select prices
pi1, pj1 immediately after private information is realized. We later (in Section 4) allow
firms to share verifiable information about the common cost component p.!® In this case,
firms simultaneously select prices immediately after information is shared. Regardless of the
information sharing regime, firm ¢ observes stage profits m;; and its competitor’s price pj;
immediately after prices are set. Firms then learn both the common and their (individual)
specific cost components, but remain unaware of their opponent’s specific cost component.?®
Firms then compete in a second period by simultaneously selecting prices and obtain stage
profits m;s.

The game ends after the second period, and ex post profits are the (undiscounted) sum

of stage profits,
7 (pi, pj) = T (Pirs Pj1) + Tiz (Pi2, Pj2) -

We restrict attention to perfect Bayesian equilibria in linear strategies.

Definition 1. A linear strategy is given by parameters (pio, Pite; Dito; s pitp)te{LQ}, such that

firm i’s price in period t given history hi 1is:
Pit(hit) = Piro + Do, E [05] hie] + pioE [ p| hie] + Pito, & [0;] hit] -

Definition 2. A perfect Bayesian equilibrium in linear strategies is a set of linear strategies,

one for each firm, such that

1. Second period prices maximize profits given any history hio = (sig, Sip, 0, P, P1):

Pi2(hi2) = Pizo + Di2g,0i + Piopp + Pize, [0} p, P1]
€ argmax E[(a — bp + epj2) (b — [0; + p])| hia] ;
P

priate). However, our surplus results depend on partial strict informativeness of signals. For example, if
Tip = 0, the signal s;, of the common cost component contains no additional information, and aggregating
common cost information has no effect; the same is true when 7;, = 1 and the signal s;, of common costs
are perfectly informative.

19Tn Section 5 we consider the possibility that firms share partial, but still verifiable, information about
specific and/or common costs.

20Since demand is a deterministic function of firm prices, the assumption that firms witness their own
profits and each others’ prices is sufficient to imply that they are perfectly informed of their own private cost
¢;. Alternatively, if they witness their own sales volume they will be perfectly aware of their opponent’s price.
That they obtain perfect knowledge of each of the components of ¢; = p 4 6; is an additional assumption.



2. First period prices maximize profits given history hi = (S, Sip):

pi1(hi) = pio + Ping, E [0] sia, 5ip) + it E [ p] i, Sip)
€ argmax E [(a — bp + epj1) (P — [0 + pl) + Tz (piz, Pj2)| 8l ;
p

3. pitg; = 0!

4. Strategies are symmetric:
(pit07 Dito,;» Dito; pitp)te{l,?} = (pth, Djto;, Pjto; s pjtp)te{1,2}-

In an equilibrium in linear strategies, prices are an affine function of expected common
and specific costs. The equilibrium we find is without constraint to symmetric linear strate-
gies, but we do not address the potential existence of equilibria in asymmetric or nonlinear
strategies.

Two expositional notes are in order. First, following our initial equilibrium analysis,
we consider an informational regime in which firms share their signals of the common cost
p. Throughout, we use variables decorated with * (e.g., 7*) to indicate values in the no-
sharing equilibrium, and we use variables decorated with ¢ (e.g., 7¢) to indicate values in the
equilibrium which arises following the sharing of common cost information. Second, for most
of our analysis we focus on symmetric equilibria, and on the effects of information sharing
on first period prices.?? For space and (we hope) legibility we therefore abbreviate p;10 = po,

Pitg = po, and p;1, = p,, where we do not believe it will create confusion.

3 Equilibrium

We compute equilibrium in the two period model by backwards induction.?? In the second
period, each firm knows its own marginal costs exactly, but has a distribution representing
its beliefs over its opponent’s costs. Letting p1 = (pi1,pj1) and Fi(+;p,p1) = F7 be the

distribution of firm j’s second period price conditional on firm ’s available information,?*

21This constraint exists because, in our benchmark model, ]E[9j|si} = pp is constant, hence p;19 cannot
be identified from p;15,. We consider partial information about opponent specific cost 6; in Section 5, and
accordingly allow p;19, # 0.

22 As we show, expected second period prices are unaffected by the information sharing regime.

231t is straightforward to show that, in a linear equilibrium, prices must respond to information. Since
signals are normally distributed, all prices p;; are on-path, and there is no need to consider off-path behavior.

24Firm 4 also knows 6;, s;9, and Sip, but these offer no information in the second period about firm j’s
pricing strategy. Equivalently, (p, p1) is firm i’s knowledge of information common to both firms.

10



the profit maximization problem is

max/ (p—ci) (a —bp+ ex) dF? (z;p,p1) -

p

Lemma 1. Firm i’s optimal second period price is

1
P = 2% (a+be; + €E [pj*'z‘@Pl])-

Firm i’s maximum second period expected profit is

1
E[75]p,p1] = m (a —bc; + el [@2‘ p,pl])2.

Because the game ends in the second period, optimal second period prices are identical to
those in a single period duopoly model where the opponent’s price is distributed according
to FJ(-; p,p1). Firm 4’s second period price is an affine function of the demand intercept, its
(known) cost ¢; = p + 0;, and its expectation over firm j’s second period price. Profits then

have a standard quadratic form.

Lemma 2. In any equilibrium, expected second period prices of a firm given publicly available

information are

5 (204 €) a+ 20°E [¢;] p, pja] + beE [¢i] p, pal) ,

. 1
E [pj2| P7P1] = 12 — 2

which result in the following expected second period profits:

2
E[7h] p,p1] = 411 (ﬁ) ((4b + 2e) a — 4b%c; + (E[ci| p,pin] — ¢;) € + 2beE [ ¢ papj1])2 .

Note that the expression for expected profits in Lemma 2 is written in terms of expected
costs conditional only on the information relevant to forming an expectation of each firm’s
costs. Although firm ¢’s first period price p;; is informative regarding the common cost p and
may be useful to make inferences from firm j’s price p;i, once in the second period firms have
full knowledge of p and firm ¢’s first period price p;; no longer provides further information

regarding firm j’s specific cost 0;.

3.1 First period pricing

First period prices are set to optimize the sum of profits over two periods. Although first

period prices have no direct effect on second period profits, firm i’s price affects firm j’s

11



beliefs regarding firm ¢’s costs. This is apparent from Lemma 2, where p;; enters only
through El[c;|p, pi1], which is the expectation of firm i’s cost given information available to
firm j in the second period. Firm ¢ has an incentive to over-represent its cost, leading firm j
to increase its second period price, softening competition for firm i.2> The first period profit

maximization problem is
mng [(a —bp+epn)(p—ci)+ 7 sip, Siol -

A marginal increase in first period price affects first period profits in a standard way, and has
an additional effect on second period profits by manipulation of the opposing firm’s second

period beliefs. The first order condition is given in Lemma 3.

Lemma 3. For a given pricing strategy of firm j, firm i’s optimal first period price is

R 1
Di1 = (%) E[bc; + a + epji] sip, si6)]

1\? . 9] ol
+e (2_b) E [(@ —bc; + eE [sz| papilapjl]) %E [ij‘ P7Pi17pj1}

Sips 3i9:| .

Under linear strategies, each firm’s first period price choice is a normally distributed
random variable from the perspective its opponent. Therefore, (c;, p,p;1) are distributed
joint-normally and E[c¢;|p, p;1] is linear in p;;. Additionally, the effect of an increase in firm
1’s first period price on firm j’s second period beliefs, and hence second period price, is
constant and independent of the level of price. Conditioning beliefs on this relationship

gives Lemma 4.

Lemma 4. The marginal effect of firm i’s first period price on firm j’s expected second

period price 1S

0 r
apil [pJQ}pap l} 4—1”21{
0 STioDi
where k; = —E [¢;] p, pin] = Oy TioPio

Ipi1

2 — N = 2 2= 9 °
0, (1—7ip) TipPi, + T5TioPip

The form of the expressions in Lemma 4 makes clear that the response of firm j’s second
period price to firm 4’s first period price depends only on the relative substitutability (or

complementarity) r of the two firms’ goods and the informativeness of firm i’s first period

25This describes the reaction of firm j when the firms are selling substitutes, e > 0. When goods are
complements, e < 0, a higher value of E[c;|p, pi1] leads to a lower p%,, which still increases 7j,. When e = 0,
the price and profit equations reduce to the standard monopoly model.

12



price. Specifically, the term x; captures the relative informativeness of firm ¢’s first period
price regarding its specific cost component 6;, the remaining source of asymmetric informa-
tion in the second period once the common cost p is commonly known. Despite observing
p, firms do not observe each other’s first period signal of the common cost component, s;,.
Because the first period price depends on the realization of s;,, price is a noisy signal of
s;9. Therefore the informativeness of the price with respect to #; depends not only on the
variance of the price relative to s;y but also relative to s;,.

The choice of strategy in the first period for a given level of precision directly impacts the
value of x;. Specifically, k; decreases as either p;y or p;, increases. If coefficient p;, increases
while signal precisions remain constant, the variance of price increases, and therefore changes
in price will be less informative of the firm’s private information. Moreover, the incentive
constraints on the equilibrium strategy in the first period depend on the value of x;.26 This

fixed point problem is expressed in the single variable equation in Theorem 1.

Theorem 1. There exists a unique symmetric equilibrium in linear pricing strategies. The
equilibrium strategies are determined by the value of k in equilibrium which satisfies the

following single variable equation:

o 03T}
A=) 7052 + T
1 1 — (i) Br*
subject to py = ——— and pl, = — S 77") 5
2+ fr* P 2—r7,— 5 (1-17,) B%k*

where 8 =1%/(4 —r?).

As is the case with second period prices, firms’ equilibrium responses to information
depend only on the relative substitutability (or complementarity) of their goods, and not

the magnitude of demand response to prices.?”

Remark 1. With the exception of comparative statics on Ty, our results are essentially unaf-
fected by the assumption that firm ¢ has imperfect information of its specific costs ;. Letting
firms have perfect knowledge of their specific costs while remaining uncertain of their op-
ponent’s costs is equivalent to letting 79 = 1 while 79 < o0o. In this case firm j remains
uncertain of firm i’s specific costs, and firm i’s incentive to soften future competition is qual-
itatively unchanged. As a modeling assumption, we retain imperfect information regarding

specific costs for consistency with imperfect information regarding common costs.

26Since pricing strategies are not observed, r; is not affected by firm i’s selection of price; it is determined
by the pricing strategy the firm is believed to be following.

2"The absolute magnitudes of b and e will factor in to pg, the additive component of the linear price
structure.
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Our algebraic results also remain valid when specific costs are common knowledge (o; =
0). In this case, there is no private information in the second round of competition, hence
there is no incentive to soften future competition. FEquilibrium price coeffecients are standard,
Py =1/2 and Py = 1/(2—=17,).

There are two strategic effects we can identify in first period prices. First, due to the
correlation of one cost signal and the independence of the other signal, firms may want to
act more heavily on one of these signals than the other if they prefer to have their prices
correlated in the first period. Additionally, firms benefit from having private information in
the second period and therefore prefer to not reveal precise information about their specific
cost term. The implications of the first effect are in Proposition 1 and the implications of

the second effect are in Proposition 2.

Proposition 1. When goods are complements (e < 0), P, < pp; when goods are substitutes

(e >0), p}, > ps; when goods are independent (e =0), py = pj.

When e > 0, so that goods are substitutes, firms’ first period prices are more sensitive to
information about the common cost component than to information about their specific cost
components. If a firm receives a high signal on the common cost component this typically
implies the other firm will set a high price, increasing demand and making it optimal to
further increase price. When e < 0, so that goods are complements, prices are strategic
substitutes and will not respond strongly to the common cost signal. When e = 0, so that
there are no cross-firm demand effects, there is no need to adjust for the opponent’s price
or, correspondingly, to conceal information regarding cost, and therefore information about

each cost component affects first period prices identically.

Proposition 2. The values of pj and k* are inversely related: pj increases when k* decreases
and vice versa. Additionally, py is decreasing and k* is increasing in Ty, and there is a T
such that for all 7, > 7, K* is increasing and pj is decreasing in 7,, and for all T, < 7, K* 1s

decreasing and pj, is increasing in 7,. When e >0, 7> 1/2 and when e <0, 7 < 1/2.

The presence of uncertainty regarding the common cost component adds noise to the
relationship between first period price and the specific cost signal. When this relationship is
noisier, the price reveals less information about this signal, allowing the firm to use available
information in its pricing decision without revealing its actual costs. If the signal about the
common cost is relatively imprecise (7, ~ 0) then firms do not learn much from this signal,
and relatively little noise is added to this relationship. Additionally, if the signal is very
precise (7, ~ 1) then when firms learn the true value of p in the second round, they will

learn with little error what signal their opponents received and will be able to disentangle
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Figure 2: The firm’s ability to maximize stage profits while confounding information is maxi-
mized when there is an intermediate amount of information regarding common costs (7, inte-
rior). When there is either no or complete information regarding common costs (7, € {0, 1}),
private information regarding specific costs cannot be hidden, and cost-misrepresentation in-
centives are maximized. Where price responsiveness is maximized and information transmis-
sion is minimized depends on whether goods are complements (orange curve) or substitutes
(blue curve). The ability of price to signal specific information (k*) is inversely proportional
to the sensitivity of price to information about specific costs.

the noise in the pricing strategy. Therefore, for a given value of 7y, an intermediate level of
precision 7, will maximize pj and minimize informativeness x*.

In general the incentive to hide specific cost information leads firms to be less responsive
to their specific cost signal than is optimal in a one period game (without the informational
channels implied by our two period model) or when firms sell independent products: pj < 1/2
when e # 0. Firms will increase the sensitivity of first period prices to information about
the specific cost component when incentives to signal jam are relaxed. Since the second
dimension of uncertainty introduces noise into equilibrium pricing decisions, prices will be
more responsive to information about specific costs than in a model without a common cost

component.

3.2 Extension to large markets

To understand the impacts of this new inference channel on larger markets, we analyze the

n-firm analogue of our basic model. In each period ¢, firm i’s demand is

1 e
Qitn (pitmp—itn) = m (a — bpitn + m Zij) . (1)

J#i
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When n = 2 the normalization terms n — 1 are identically 1; this returns our benchmark
model, ¢;;2 = q;;. All other assumptions from the benchmark model — for example, condi-
tionally independent signals of p — are maintained.

We maintain our focus on symmetric equilibria in linear pricing strategies. Unlike the
benchmark model we do not establish uniqueness. We show that the form of equilibrium
pricing coefficients depends in a natural way on the number of firms. The linear equilibrium
analysis of the n-firm extension is not substantially different from that of the base case, and

we omit most of the basic calculations; details are found in Appendix A.

Theorem 2. In the linear equilibrium of the n-firm model,

Diin (S0, 8ip) = Do + Dol [03] si6] + P75, E [ ] 8ip] 5

where
* 1 * 1 - (2_::) B”K';
bon e S Bt P T 2 R, L (1= 7,) BErn?
Ii; _ 0377_91)571 and ﬁn — T2

2 A= \YFm x 2 2= % 2
Up (1 TP) Tpppn + 09ToPgn

An indirect implication of Theorem 2 is that equilibrium inference from prices does not
substantively change in the extension to n firms. That is, what firm j # ¢ can learn about
firm ¢’s specific cost 6; from its first period price p;1,, depends only on &, which retains the
same form as in the base case. It is not the case that x* is unchanged from the base case to
the n-firm extension, but «7 depends in the same way on pj,, and pj regardless of the number
of firms. Equivalently, k* and &}, are identical functions of different price coefficients, pj; and
p, versus pp, and p7., respectively. Intuitively this is straightforward: once p is known,
firm j can separate inferences about firm ¢’s initial information from inferences about firm
k’s initial information. Because signals of p are conditionally uncorrelated, nothing learned
about firm k£ can affect what is learned about firm 7. If the independence assumption were
relaxed, or if p were not made public in the second period, this would no longer be the case.

The linear equilibrium of the n-firm extension retains the cross-dependency of price coef-
ficients and inference. Even when the number of firms is large, inference about any particular
firm remains relatively stable. How information affects strategies when markets are large
depends mostly on the incentive of any one firm to hide information from its opponents. As
it turns out, in the limit no firm faces any incentive to obfuscate its private information.
This is intuitive, as when the market is large any firm is one of many; since individual com-

plementarities (or substitutabilities) e/(n —1) are going to zero as the market becomes large,
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exposing private information does not dramatically affect opponent pricing incentives. This
is true even though aggregate complementarities Y ,;¢/(n — 1) = e are held constant.*®
It is straightforward to see that equilibrium inference x* is bounded.?® Then the effect

of firm ¢’s revelation, 3,7, goes to 0 as n becomes large, since

T2

lim 5, = lim =0
Mm = i S G+

This implies a simple analytic form for equilibrium prices with a large number of firms.

Corollary 1. In the linear equilibrium of the large-n extension, equilibrium prices are

Diioo (8i05 Sip) = Dooo + PoocE [0i] sia] + Dho E [ ] 8ip]

where

N 1 a 1 fp N 1 . 1
= —— [ =4+ =ruy + — ==, an = .
Pooe =5\ T He T He 2 — 17, Pooo = 5 Ppoo 2 — 17,

The lack of incentives to hide information is immediate in Corollary 1. pj. = 1/2 is
exactly the dependence of price on private cost information in the equivalent monopoly
problem. The value of p7 is similar to the dependence of price on commonly known costs
in a standard oligopoly problem. This dependence is adjusted by 7, to account for the fact
that firm ¢’s beliefs about firm j’s beliefs are a reversion to the mean of firm i’s ex ante

beliefs. That is, if firm i believes E[p|s;,] = p; < p,, firm i believes that firm j believes
Elpls;] € (7o 1)

4 Information sharing

We now consider the effect of firms sharing cost information — for example, as through
a trade association — on expected surplus and pricing strategies. When information is
shared, we assume that signals about the common cost component are verified and made
public, while signals of the firms’ specific costs are not revealed. Information about common
costs is the unique information that is directly relevant to all firms’ pricing decisions; for

example, this can reflect information about the market for shared inputs. We first look at

28In the limit there is the additional question of whether the aggregation of these opponent incentives
results in a strictly positive effect on the firm’s incentives to hide information. Our results answer this in
the negative.

2By definition, k% < 1/pj,. Since py, is bounded away from zero, 7 is bounded above. A full proof is
provided in Appendix D.
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the impact of information sharing in the duopoly setting. Section 4.1 analyzes the impact
on large markets; Section 5 considers more general information sharing agreements.°
When firms share their signals about the common cost component they will have the same
information about this parameter, and therefore the same expectation of its value. While
there are still two cost components, the informational structure is simplified so that firms only
possess private information about their specific cost components; the remaining uncertainty
regarding the common cost component is shared by both firms, as they have shared their
signals regarding the common cost component p. While the optimality conditions look
similar in this setting, equilibrium pricing strategies in the first period fully reveal the private
information of each firm. We outline the significant differences from the previous section.
In the second period, the information that is available to each firm now includes both

common cost signals, s, = (s;,, 5j,). The new first order conditions are given in Lemma 5.

Lemma 5. Firm i’s optimal second period price is

1
Pl = op (a+bei + B [P p, 55, 1)) -

Firm 1’s optimal first period price for a given pricing strategqy of firm j is
. 1
pn= |5 E [be; + a + epji| sp, sia]

1\° ) B . .
+el ) E|(a—bei+eElpjolp,sp, bir, pin]) 5—E [D5a| £ 8p, Pin, 21
20 Opin

Sp, 8i9:| .

In a symmetric linear equilibrium, the first period price given signals (s, S;) is p§; =
5 + p§E[0:]sie] + p;E[p|sp]. Because s, and p;; are publicly observable, the value of s;g
can be inferred by competitors. Therefore the expectation of each firm’s cost in the second
period, given publicly available information, is E[c;|p, s,, pin] = p+E[0;]sig], where s;9 can be
determined from the first period price p;;. The impact of firm #’s first period price on firm
7’s second period price is
r 0 1

——k°, where K = Elcil p, s, 051 = —.
s B el i) =

a C C
%E [Pj2| P pil} =

Given the simplified information structure after information sharing, first period prices

39Throughout Section 4 we assume that only information about the common cost component may be
shared. When firms share (verifiable) information about both cost components they initially have identical
information about each others’ costs, and there is no incentive to soften competition. When firms share
information about their specific costs but not about the common cost signal, there is also no incentive to
soften competition, since the common cost parameter p is learned before the second period. In either case,
what remains is a more or less standard two period oligopoly analysis.
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Price

Expected specific cost

Figure 3: With private information about shared costs, prices (pﬁé) are more responsive to
information about specific costs than when there is no private information about shared
costs (p*?), but less responsive to information than when all information is shared (p*?).
Expected prices (where conditional expected costs equal unconditional expected costs, the
dotted line) are higher when firms share information, and p”é will intersect p*® to the right
of the intersection with p?.

are more informative about private signals of specific costs, and therefore firms have a
stronger incentive to misrepresent costs. This leads firms to use less of thier specific cost

information when choosing first period prices.

Proposition 3. In the unique equilibrium in linear pricing strategies the coefficient on spe-
cific cost information is less than the corresponding coefficient in the equilibrium without
information sharing:
c_L1-B_
Py = —5— < Py
Additionally, prices are more informative than in the corresponding equilibrium without in-

formation sharing: k¢ > k*. Both inequalities are strict when e # 0.

Because firms share common cost information, second period prices are more responsive
to the first period prices (versus the setting without information sharing). In this setting, it
is easier to soften future competition and therefore firms have a greater incentive to choose
a higher first period price. The increase in expected price imposes a first order negative
effect on consumer welfare; as we show later, this effect may be dominated by effects on the

variance and covariance of prices.

Theorem 3. FExpected first period prices are higher when firms share signals about common
cost information, Elpt ] < E[p§,] where the inequality is strict when e # 0. Moreover, expected

second period prices are unaffected by information sharing.

The first order conditions in Lemmas 3 and 5 appear identical, but have two distinctions.

First, optimal first period prices depend on the opponent’s expected second period price.
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However, the difference in information structure does not change expected prices in the
second period since optimal prices are linear in the beliefs about the competing firm’s costs,
and on average these beliefs must be correct. Second, first period prices depend on the rate at
which an increase in first period price increases the competitor’s second period price. From
Proposition 3, the rate of increase is higher when firms share common cost information, thus
expected first period prices are higher when information is shared.

An increase in expected prices will tend to increase producer surplus and decrease con-
sumer surplus. However, surplus is also affected by the variance and covariance of prices.
To fully consider the welfare effects of sharing common cost information, we specify the

following utility which induces the given linear demand structure.

1

a b e
u(@p) = 3—(a+aq) -3 (m) (4 +q7) — (ﬂ) %:q; — (pig; +pjq;)  (2)

b—e
From this specification, equilibrium expected consumer and producer surplus can be derived.

Lemma 6. In a symmetric linear equilibrium, expected consumer surplus in each period of

competition s

E [u(p})] = (—2a+ (b — e)E[p}]) E [p},] + b Var (p};) — e Cov (p}y, p};)

When expected demand is positive, it is the case that a > (b—e)E[p;]. Then the expression
in Lemma 6 is decreasing in E[p}] and e Cov(p};, p},) and increasing in b Var(pj;). Higher
average prices harm consumers, as does correlation in prices when goods are substitutes
(e > 0). More volatile prices benefit consumers — expected surplus losses are dominated
by expected surplus gains — as does correlation in prices when goods are complements
(e < 0). That the effect of correlation depends on substitutability follows from the fact that
correlation increases the variance of the average purchase price of a good within a bundle

when goods are complements, and decreases this variance when goods are substitutes.

Lemma 7. In a symmetric linear equilibrium, expected producer surplus in each period t of

competition 1s given by

E[I] = 2[(a = (b—€) E [p}]) (E [pj] — E[ci]) 4+ b (Cov (¢;, pj;) — Var (p};)))
—e (COV (c,»,p;t) — Cov (pft,p;t))} .

(3)

In addition to the expectation, covariance and variance of equilibrium prices, producer
surplus also depends on the correlation between equilibrium prices and realized cost. From

Theorem 3, first period prices are higher when firms share industry cost information (and
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expected second period prices are unaffected). The price coeflicients py and p, do not depend
on the demand intercept a, so the variance and covariance of prices are independent of a.
Then when demand is relatively inelastic (the parameter a is large relative to b and e) the
change in expected price will dominate all other welfare effects from information sharing.?!
When goods are substitutes, higher expected prices increase profits, all else equal. When
goods are complements, there are competing effects, since a firm’s demand drops as its op-
ponent’s price increases. Proposition 4 shows that producer surplus increases (decreases)
with an information sharing agreement when goods are substitutes (complements) and de-
mand is sufficiently inelastic. The welfare impacts of an information sharing agreement are

illustrated in Figure 4, and are later summarized in Table 1.

Proposition 4. Sharing common cost information decreases consumer surplus when goods
are sufficiently substitutable (e = b), or when goods are related (e # 0) and demand is suffi-
ciently inelastic (a > b). Sharing common cost information increases producer surplus when
goods are substitutes (e > 0) and decreases producer surplus when goods are complements,

provided demand is sufficiently inelastic (a > b).

Remark 2. Although we model Bertrand competition, our analytical approach can be straight-
forwardly applied to Cournot competition. As is familiar from the literature (see, e.g., Vives
[1984]), the basic structure of equilibrium is unaffected by the mode of competition, but the
sign of welfare effects is reversed. For example, under Cournot competition, sharing common

cost information increases expected consumer surplus when demand is inelastic (a > b).

Remark 3. In our analysis we take the precision of information to be exogenous. In reality,
firms may allocate resources to improve their estimates of cost parameters. Consider the
effect of an (unobserved) marginal increase in precision of cost information on the firm’s
profits over the two periods of competition. By the envelope theorem, a marginal increase in
precision affects first period profits only through the ex ante variance and covariance of prices,
and not through price selection. The incentive to signal jam when sharing common cost infor-
mation reduces the extent to which firms use information about specific costs (Proposition 3).
Therefore, information sharing reduces marginal incentives to acquire information regarding

specific costs.

31Because expected second period prices are unaffected by information sharing, the effect of information
sharing on second period consumer and producer surplus is determined by the effect on the variance of prices,
and the covariance of prices and costs. The magnitude of these effects is independent of demand elasticity,
and therefore when demand is very inelastic the effect of increased first period price dominates all other
considerations.
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Figure 4: The surplus effects of information sharing (Proposition 4). When demand is
inelastic (a > b), information sharing increases producer surplus when goods are substitutes
and decreases producer surplus when goods are complements. Information sharing decreases
consumer surplus when demand is inelastic, provided goods are related (e # 0), and when
goods are very substitutable (e &~ b). When e ~ 0, surplus is approximately unaffected by
information sharing, and second-order effects dominate the comparison.

4.1 Information sharing in large markets

Proposition 4 shows that expected producer surplus increases and expected consumer surplus
falls when information is shared, provided a > b > e > 0. A more general comparison is
hampered by the size of the parameter space: comparisons of welfare across regimes will
in general depend not only on the demand specification (as illustrated in Figure 4) but
also on the information structure induced by noisy cost signals. As noted in Proposition 2,
equilibrium price coefficients and inference are not monotone in precision 7,, making it
difficult to directly apply standard methods from comparative statics.

These comparisons are simplified when the market is large. In the linear equilibrium
with a large number of firms, the expectation of first period prices is independent of 7.
While p7 ., depends on 7,, in expectation this is exactly offset by the p,p7. term in pf...
Then to the extent that information sharing (an increase in 7,) alters producer or consumer
surplus, it is through the coefficients pg.,, pj., appearing in the variance and covariance
of first period prices. Second period strategies, and therefore second period surplus, are

unaffected by information sharing.??

32Common costs p are commonly known in the second period, allowing potential inference of opponent
information from first period prices. However the pricing strategies are symmetric, linear and depend only
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Lemma 8. There exist constants C,,C, € R such that for any T,, first period consumer

and producer surplus in a linear equilibrium of the large-n extension are given by

E [u1oo] o¢ (1 = 1) Var (pf1o) — 7 Cov (Df100: P1oc) + Cus
E [HlOO] X (COV (civp;floo) — Var (pz(loo)) -r (COV (Ciapyloo) — Cov (p:1007p;100)) + Cﬂ"

where ©,j are any firms such that i # j.

When information is shared in the first period, aggregation of an infinite number of
informative signals is equivalent to common knowledge of p prior to setting first period
prices.®® Firms will then choose prices as in Corollary 1 where E[p|s,] = p and 7, = 1.
Propositions 5 and 6 summarize the welfare impact of sharing information when the number
of firms is large. Information sharing never harms producer surplus and in almost all cases

strictly increases it.

Proposition 5. When the number of firms is large, information sharing strictly increases

producer surplus.

The impact of information sharing on consumer surplus depends on 7, prior to in-
formation sharing and substitutability of the firm’s products r. Specifically, when r <
(v/33 — 5)/2 =~ 0.372, i.e. products are complements or weakly substitutable, information
sharing always improves consumer surplus. For intermediate values of r, surplus increases
when information is relatively dispersed prior to sharing, 7, < 1. For low initial precision
the ability to tie prices more directly to costs outweighs strategic effects, while for high ini-
tial precision there is not much information gained when signals are shared, and strategic
effects dominate. When goods are relatively substitutable, » > 1/2, consumer surplus will

be harmed for any initial value of 7,.

Proposition 6. When goods are complements, consumer surplus is increasing in precision
7,. When goods are substitutes information sharing increases consumer surplus whenr < 1/2

and T, < 1 prior to sharing, and decreases consumer surplus when r > 1/2.

on expected opponent prices. Then an optimal strategy reduces to a linear strategy on expected opponent
costs. With a large number of firms the law of large numbers applies, and the sum of expected opponent
costs is equivalent to an average opponent cost. This is independent of whether or not information is shared.

33This is the case when T, > 0. When 7, = 0 aggregation yields no additional information, but this
problem remains equivalent to profit maximization with only firm specific costs.
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5 Generalized information sharing

In Section 4, we considered an all-or-nothing information sharing agreement. Although firms
share information about common costs and not about specific costs, firms either share all
information about a particular signal, or no information about that signal. In this section
we generalize the analysis to consider partial information sharing agreements. Specifically,
firms may share information which contains an arbitrary portion of each of their two signals.
As an example, consider the aggregation of information about transportation costs. This
might represent half of all costs that are common to the firms and twenty percent of costs
that are individual to each firm. We maintain the assumption that both initial information
and the information shared are symmetric in type, amount and precision.

Formally, we assume that firm 7 receives a set of signals regarding cost x, Sizm = T+ Eizm,
where x € {p,0;}, and m € {1,..., M,}. Each error term &, is normally distributed with
source-dependent variance, €;, ~ N(0,02,), and is independent of &y for (i,z,m) #
(¢/,2',m’). Then, prior to potential infomation sharing, firm ¢’s signal about cost z is s;, =
T+ Z  Eiom/ M.

Firms abide by an information sharing agreement which determines which signals s;.,, to
share with their competitors. Because ¢;,,, is independent of &;,,,, it is sufficient to consider
only the number of signals shared, and not the specific identities. Let MHjx be the number

35 Because the e;,,, terms

of firm 4’s signals about cost x which are shared with firm j.
are independently and identically distributed, the effects of information sharing agreements
depend only on the number of signals shared, and not on which signals are shared (provided
the set of shared signals is an ex ante commitment); without loss of generality, we therefore
assume that firm j shares signals s;,,, form € {1, ..., Mj%z}. Consistent with the definition
of ]\;[Hjx, we decorate post-sharing variables with tildes. After information sharing, firm i’s

signal about cost = € {p,6;,0;} is §;,, where

g%w ]Anp
§ip = p Z Ezpm + 5]pm Szpm + Sjpm R
M, + M, Mﬁw P Z T M+ M, Mﬁzp mzl Z
1 My 1 My gaz@ g~n6
Sig, = 0; + A E €iom = A E Siom,  Sig; = E Ejom = = E Sjom-
0 m=1 0 m=1 3%19 m=1 j%l@ m=1

34The variance of this signal is 02, /M,. This can be mapped to our base model by rescaling the variance
2, by M,.

35This notation is related to that presented in Vives [2001]. In the appendix, we shorten equations by

writing M o = Y i—jz, but for clarity of exposition we retain the “giving to” notation here in the main text.
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The precision of information on each component after sharing is

. M, + M, My 4+ M; 0
Tip ) i0; , and T, =
0—2 0.2 J 0.2
ep e el

Following previous notation, we define i, = 7 /(T2 + Tiz)-

Note that, unlike in our base model, firms may directly share information about their
specific costs. Then firm 7 has a signal s;p, regarding firm j’s specific costs, and equilibrium
prices will typically respond to this information. Firm ¢’s first period price p;; will depend
not only on its signal of firm j’s specific costs, 8;,, but also on what it knows to be shared
information between the two firms about its own specific costs, 5j9, and common costs 5,.
The definition of an equilibrium pricing strategy from Section 2 must be relaxed to account
for these additional signals, and allow ps; # 0.

Given the firms engage in information sharing, the history for firm ¢ in period 1 is

hiv = (8ip, g, Sio;5 Sj6;5 5,). In a linear strategy, the first period price for each history is
Pir(hir) = Po + DipE [p [3ip] + Pis, E [p|5,] + Die, E [0; | 539, ] + Dis;o K [0; |550,] + Dig, E [9]' ‘gwj} 36

Second period prices and profits are as in Lemma 2, where public information is given by

ha = (p, P1, Sp, 8j6;, 3ip,). First period prices are characterized in Theorem 4.

Theorem 4. In the linear equilibrium under a generalized information sharing agreement,

first period price coefficients are

~ ~ ~ 2 ~
P = g P, = () (2= BR) + 5 () 9%,
L 1-(3=2)Bk
Pio = () (i i85 (1-5,,))

2r—p%g?

ﬁz‘gjgi = %Tﬁioj + iﬁQ’%(l — Kpig,;), and Dis, = % (T) NipDip

where

(1 _ o‘%—‘—[age/Mg]

o 2
— 7 L =7 1 0 Tin. O
Ug+[U§G/MjHi9]) Pi6;716;7%

0’2+[O'2 /Mg] o = My i+ Mis o~ ~
1 — [ 59~ 2 7. -0'2+ (1_ i=ip T J—np) 2? 1_? 0.2
< o3+[02%0/ Wi o] ) V057 30570 M+, ) PieT i ( ) %

36This expression differs in appearance from the definition of a linear equilibrium in Section 2. This form
allows clear expression of how different signal sources affect equilibrium prices. Because all expectations are
linear in signal, these price coefficients may be aggregated to obtain the form in the definition in Section 2.
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Remark 4. Our benchmark model, with no information sharing, corresponds to ]\Zli_>j9 =
Mi_)jp = 0. Our all-or-nothing information sharing model corresponds to ]\;[,;_,jw € {0, M,}.
In both cases, substituting in for MH]-QC in Theorem 4 returns the equilibrium price coefficients
from our earlier analyses. Note that if no information is shared about, e.g., specific cost
0;, the conditional expectation E[0;|5,0,] = po is independent of the signals rimg, and the

coefficients py, and Dis;, are subsumed into po.

Corollary 2. Let Mj%x = ]\;[Hjx = Mw, and define A, = Mx/Mx Suppose that the variance
of error term ez, is rescaled to match the base model, Var(e;zm) = anfx. In the symmetric
linear pricing equilibrium with generalized information sharing, the informational parameters

are given by

2. 2 ~
+o ~ = 2
1— 280 ) fig Tig.O
( o2+[02, /2] Pio;750;%
14 )‘p (1 O'ngO'ge

m) o, T0,08 + (1 = np) 83,75 (1 = Tp) 02

Compared to our model with all-or-nothing information sharing, the coefficient on 6; does
not change except through the change in the informativeness of the price, k — k. Therefore
this coefficient and & have an inverse relationship (as in Proposition 2). Corollary 2 makes
clear that when no information about specific costs is shared, A\g = 0, price informativeness
k is a version of our informativeness parameter x when common-cost information may be
fractionally shared; in this case, A\, = 0 implies & = x* and A\, = 1 implies & = .

Relative to the equilibrium in Section 3, the new pricing coefficients p;p, and Disjo, do not
affect the informativeness of first period prices. Firm ¢ knows the signal which is shared with
firm j, and therefore any variance in firm j’s price due to the shared signal is fully accounted
for by firm i. It follows that these coefficients do not appear in k; the effect of informa-
tion sharing is fully captured in the reduction of variance of the conditional expectation of
opponent specific cost.

We can now generalize the results of Section 4 about the impact of information sharing

agreements on expected prices.

Proposition 7. For a fized information structure, an information sharing agreement which
increases (decreases) k will cause ex-ante expected first period price to increase (decrease)

and will not impact ex-ante expected second period prices.

Given the level of expected prices can be ranked by the equilibrium informativeness of the
prices, then the impact of an information sharing agreement on expected prices is determined

by its impact on K. When informativeness increases with sharing, then the agreement leads
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to higher prices, and vice versa. Specifically, ex ante expected prices are

a+ bE[c;]  bla— (b—e)Elq])
20 — e (2b — e)?

a + bE[¢;]
Elpal = k and E[pp| = ————.
[pzl] ﬁ []%2] 2% — e
When more information about common cost component is shared, prices become more
informative about the firm’s remaining private information, increasing its incentive to soften
competition. On the other hand, when information about specific costs is shared price
becomes less informative about the remaining private information, reducing the incentive to

soften competition.

Proposition 8. For a fized information structure, sharing more information on the common
cost component (larger Mj%p for given M,, or larger \;,) will increase the equilibrium infor-
mativeness of prices while sharing more information on the specific cost component (larger

M;_. ;g for given My, or larger A\ijg) will decrease the informativeness of prices.

Propositions 7 and 8 together imply that an information sharing agreement regarding
only common cost information will increase expected prices, while an agreement to share

information about specific costs will decrease expected prices.

Corollary 3. When demand is sufficiently inelastic, a > b, sharing more information about
the common cost component (specific cost component) decreases (increases) consumer surplus
when goods are related (e # 0), and increases (decreases) producer surplus when goods are

substitutes (e > 0) and decreases (increases) producer surplus when goods are complements

(e <0).

Our earlier results on the surplus effects of information sharing (Proposition 4) relied
on the relationship k¢ > k*, and not on the specific values of k¢ and x*. Then a version
of Proposition 4 holds whenever & > &, and its opposite holds whenever &' < . Then
Proposition 8 is sufficient to imply that consumer surplus is harmed when information is
shared about the common cost component, and improved when information is shared about

the specific cost components.

6 Conclusion

Firms in an industry typically have heterogeneous costs of production, but these costs may
include a common component. When firms have idiosyncratic information about common
costs, the precision of estimated costs may be improved by sharing information through a

trade association. The competitive impact of sharing information about industry-wide costs
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depends on how information is used and inferred without an information sharing agreement.
To this end, we study a dynamic pricing competition model that allows for uncertainty in
common cost and specific cost parameters. We characterize the symmetric linear equilibrium
of this model and use it to examine how information sharing affects competition and welfare
within the industry.

In a setting with two firms, information sharing increases incentives for firms to soften
competition, leading to higher average prices. In settings where demand is relatively inelas-
tic or products are close substitutes, information sharing reduces consumer surplus while
increasing producer surplus. As the number of firms in the market increases, the effect of
competition softening is reduced; in particular, as the number of firms in the market becomes
arbitrarily large no individual firm’s price decision conveys useful additional information, and
strategic signaling vanishes. In a market with a large number of firms, information sharing
no longer has an impact on expected prices and can lead to both higher producer surplus and
consumer surplus when products are not close substitutes and industry relevant information
is dispersed among the firms.

Because sharing information about industry relevant costs may lead to higher producer
surplus, agreements to share this information may not stem from purely collusive motives. In
fact, there are cases where an information sharing agreement between many firms can improve
both producer and consumer surplus. However, our results suggest increased consumer
surplus is less likely for firms that sell products that are close substitutes. In particular, these
agreements can be a concern for competition in concentrated markets where the agreements
can lead to higher and more coordinated prices even in the absence of an explicit or implicit

collusive agreement.
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A Proofs for Section 3

Proof of Lemma 1. This follows directly from firm ¢’s first-order condition with respect to

second period price,

(@ — bpjy) + /wdFj (23 p,p1)dx — (Pl — i) b=0
* 1 *
== ph = % (a—i— be; + e [pﬂ{ 0, pID .

Substituting in to the firm’s profit function yields the expression in Lemma 1. m
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Proof of Lemma 2. This follows from Lemmas 11 and 12, derived for the model with n firms.
We give a proof for the two-firm case below.
Because firm ¢’s optimal second period price, given in Lemma 1, holds given any infor-

mation set, it also holds in expectation. That is,

1
E [p}y] pi 1] = 7B [a+be; + eply| p,p1] -

Then
20 [ply| p, p1] — €E [p}| p.P1] = a4+ bE [¢i] p. p1] -

This gives two equations, one each for firm i and firm j, in two unknowns, E[p%|p, p1] and
E[pi,|p, p1]. Algebraic rearrangement yields the first expression in Lemma 2, and substituting

into the firm’s profit function yields the second. n

Proof of Lemma 3. This follows from standard monopoly profit maximization and applica-

tion Lemma 1 to firm ¢’s second period profits,
H’l[f)iXE [7T2'1| 5ip7 Sig] -+ E [71';2‘ Sipa Sig]

1
=maxE | (a—bp+epjn) (p— &) + 35 (a = bes + B[] p.pu])°

Sip) 82‘9] .

Note that second period profits depend on p;; only through p;’s effect on firm j’s beliefs.
Without substituting in with the expression in Lemma 1 we could have obtained a sim-
ilar reduction by applying the envelope theorem (firm i’s second period price is optimal,

conditional on its first period price). Firm 4’s first order condition is

N € * a *
0=E |(a+bc; +epj1) — 2bpy + % (a—be; + B |:pj2‘ p,p1]) %E [pﬂ] P, P1]| Sips Si9:| .
Rearrangement gives the desired result. O]

Lemma 9. FExpected costs conditional on second period information are

E[ci| pyp1] = (o + 1) + (1 — KiTppip) (p — 1) + Ki (P — (Pio + Diatbe + Diplty))

= 9
ToOgDio

—— =\= 2.2 °

Tooypiy + (1 —T,) Tp02p3,

subject to k; =

Proof. Note that, conditional on p, p;; conveys no information about ¢;. Then consider the
joint distribution of ¢;, p;1, and p. Let 7, = 1/02 be the precision of the random variable ,

and let 7, = 7., /(7 + 7,) be the relative precision of the signal s,, x € {6;,0;, p}. Under a
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linear pricing strategy,

Pi1 = Pio + Piol [0i] si0] + DipE [ p] Sip)
= (pio + (1 —To) piotto + (1 — Tp) Dipltp) + PioToSio + DipT pSip-

Then ¢;, p, and p;; are jointly normal,

2 2 2 = 2 = 2
Lo + 14 oy +0, o, To0yPio + TpO,Dip
T 2 2 = 2
(Ci> P»Pil) ~ N Hp s Up Up Tpappip
= 2 = 2 = 2 = 2.2 = 2.2
E [pil] TeOyDio + TpO,pPip  TpO,Pip To0gPig + TpO,Pip

Then the conditional expectation of ¢;, given p and p;q, is

- T T
E[c;] p,pa] = (ko + 1p) + D1285 <(p7pi1> — (#p Elpal) ) ’
2 = 9 = 2 a, ToT,Pie
Sio = (07, To0gpio + Tp0pDip) » T2z = | _ 2 Tooaps, + 7,02, |
TpO,Pip To0pPip + Tp0,Di

Write the matrix product as X15%5,) = (M1, mg). Then

1

_ — 2292 - 42 —_ 232 =2 4 2
mip = (— 2,2 4 = 9 2) 2 _ =2 4,2 (TGU@Uppi@+Tpappip_7—97—ﬂ‘790ppi9pip_Tpappip)
= 292 | = 292 == 2 =2 2 2
_ Te0yDig T TpO,Dip — ToTp0yPitPip — Tp0,Pip -
- = 2,2 | = 2.2 =2 92,2 = 1= KT ppip;
(TGUHpiH + Tpappip) — Tp9%Pip
1
= 4 = 2 2 = 4
Mig = (—TUp,-—i—Tgaap-g—l—TJp)
= 4202 1 4202 ) 52 _ 725402 P pltp 0% pte p= pkrp
(7—909]7 i+ Tpappip) T = TpOpPip
= 2
ToOgPio

= = K.
= 2.2 = V= 12,2 i
ToosDiy + (1 — 7)) Tp0,Dip

The result is then immediate.
Proof of Lemma 4. This follows immediately from Lemma 9.

Lemma 10. There is an equilibrium in symmetric linear pricing strategies, where

2= %
ot — 99T0Pg

—\N= 2x2 4 = 2320
(1 =7,) Tp02ps2 + Too 50}

subject to pp = and p, =

1
2+ Bk
where r = e/b and B = r*/(4 —r?).
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Proof. From Lemmas 3 and 4, first period prices are given by
4[9]?:1 =2E [bcz +a+ ep;1‘ Sips 51‘9} +E [(a —be; + elE [p;Z‘ p7p:17p;1:|) ﬁ’@‘ Sips 31’9] .
Lemma 2 gives second period expected prices,

1
JTERpe) ((2b + €) a + 2V°E [¢;| p, pj1] + beE [¢;] p, par]) -

E [P;2| P pl} = B2

Following Lemma 9,

E [E [CJ’ P pl” Sif, Sip] = Mg + E [p| Sip] ,
E [E [67«’ P pl” Sif, Sip] = g + E [p| Sip]
+ ripio (E 03] si] — po) + wipip (1 = 7,) (E [l 850] — 1) -

Substituting in gives

* * e
4bpi1 =2E [bCl +a-+ epj1| Sips 51’9] + /BlfiE |: (CL — bCi + 462——62 ((2b + 6) a)) Sips 31’9}
efK; —
TR e eQE (267 (119 + p) + be (1o + p + Kipio (0: — p1o) + Kibip (L= Tp) (p — o)) | Sips Si0) -

Recall that E[p}, [si,, si] = pjo+pjoto+p;ipToElp|sip] +1jp(1—7,) i, Matching coefficients

gives
be? Br2pig
Abp:s = 2b — i e 4
bng b bﬁ’{‘l + 4b2 _ 62 b ( )
_ efk; 9 _
4bpi, = 2b + 2T ,pj, — bBK; + W2 _ 2 (2b +be(1+(1-7,) ’ﬁipip)) : (5)

In a symmetric equilibrium, p;p = pg, piy = P}, and k; = k* for both firms i € {1,2}. Then

the coefficients in equations (4) and (5) can be solved,

2—-Brr r
4 B2k2 24 BrY

L1 1, 1, 1., 11\
pp=§<1—§5/€ +;62H +§62m) (1—§r7p—1(1—7p)ﬁ2m 2)
_ 1— (5=5) pr"

2—17,—3(1—-7,) B2+

*

Po

The conditional definition of k* follows from Lemma 4. OJ
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Proof of Theorem 1. The expression for linear price coefficients follows from Lemma 10.

Substituting price coefficients into x* and letting k = Sr* gives

1— 2
(2+&)° (1 — <2 — :) m) (1—=7,) 7,05k

-~

LHS(#)

2
= <2—r?p—%(1—?p)&2> (2+ /) B — k)Teo; .

J/

RHE(;%)

Note that LHS(0) = 0 < RHS(0). Furthermore, we show in Appendix D that & < r2/(2 —
r?) = K; then we have LHS(%) > 0 = RHS(&). Since both LHS and RHS are continuous in
R, it follows that there is a # € [0, &| that solves LHS(k) = RHS(%&).

It is clear that RHS is decreasing in &, since (2+ )5+ &k = 26 — (1 — 3)4. We now show
that LHS is either increasing, or increasing-then-decreasing and concave; in the latter case,
we show also that RHS is convex where LHS is decreasing. Since LHS(0) < RHS(0) and
LHS(k) > RHS(&), this is sufficient to show that there is a unique % such that LHS(&) =
RHS(®).

To begin, the derivative of LHS is given by

dLHS ) i WA PR
o =2(24+R) (1—(2 )/i) (1—=7,)To05k

—r
1— 1—
_2<2_:>(2+/%)2(1—(2_:)&)(1—?)?02&
resr? (1o (2208 2(1—?)?02
2—r r
2+r/)(1 L=
X K 5, )"
1—r 1—r 1—r
2(1— R R—2 24 KRR+ 2+k)(1— AP
PO-GE) )2 =) eeniren (- (2) )]
The leading terms are positive for & € [0, k]. The trailing term is

2<1—<;::)g>&—2(;::>(2+/%)f%+(2+/%) (1—(51)0

ox =5(1—7r)R*+3rk+2(2—r). (6)

This is a negative quadratic in &, and is strictly positive when & = 0; thus LHS is either

increasing for & € [0, &|, or it is increasing-then-decreasing on this range. When goods are
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Figure 5: A graphical depiction of the proof of equilibrium existence and uniqueness. The
existence of an equilibrium amounts to finding a & such that LHS(4#) = RHS(&). Since
LHS(0) < RHS(0) and LHS(%) > RHS(%) and both functions are continuous, such a & is
guaranteed to exist. For all parameter specifications RHS is decreasing. We show that either
LHS is increasing (left panel) or increasing and then decreasing (right panel). In the former
case, it is clear that there is a unique point of intersection and hence a unique equilibrium.
In the latter case, we show that LHS is concave where it is decreasing and RHS is convex
anywhere LHS is decreasing. Then LHS — RHS is concave, ensuring that equilibrium & is
unique. Plot ranges differ, since the upper bound on &, & = r%/(2 — r?) depends on the
parameter r. Dashed lines in the right panel appear at 4~ = 1/2 and # = (v/249 — 3)/20, the
bounds applied in the proof.
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substitutes (r > 0) this is positive for all relevant & and the proof is complete. We then
focus on the case where goods are complements (r < 0).

Replacing the leading positive terms in LHS gives

d LHS
di

x (2(2=r)+3rk=5(1—1r)R*) 22 —r)+rk— (1 —r)R?).

This implies

d* LHS

e X 8(2—7)r—6(3r* —12r +8) & — 24 (1 — ) ri* +20 (1 — r)* &®.

This is negative at £ = 0 and 4 = 1 > K. Moreover,

d® LHS

prealc B (1872 — 727 +48) — 48 (1 — ) r& + 60 (1 — r)* &%,

This is a positive quadratic in &, thus d? LHS /d&? is either decreasing, decreasing-then-
increasing, or increasing for # € [0, &]. Since d* LHS /di? < 0 for & € {0, %}, it follows that
d*> LHS /di?* < 0 for all & € [0, k], and LHS is concave.

If LHS is decreasing, it must be that the quadratic in (6) is negative. The zeros of this

quadratic are given by

3r

; n
ft € 10100 T 10 — 107

1
2 — 2
\/97‘ +8(2—r7r)(5—5r) 0= 10r (37” +V49r 120r + 80> .

LHS is decreasing only if goods are complements, » < 0, so only the “+” solution is valid.
Note that

dl%_g_ sign ( 49r — 60
—T =13

dr V492 = 120r + 80
' 20 — 117 + 3v/49r? — 1201 + 80 > 0.

> (10 — 10r) + 10 (3r VA9 — 1207 + 80)

Then &4 is minimized when r = —1 (since r € [—1,1] and dik, /dr < 0 when r < 0). This

gives that if LHS is decreasing at &,

1 15-3 1
%2R+:%<—3+\/249>2 >

Finally, we compute the second derivative of RHS with respect to & to show that RHS is
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convex,

CRHS  d
di?  dR

—2(1-7) (217, - 5 0-T)R) (1= D)7 49)
+4(1-7)R* (28— (1—p)k).

Note that all involved terms are positive for & € [0, %], with the potential exception of
4(1 — B)k — B. As shown above, & > 1/2 whenever LHS is decreasing, hence

A1 —B)k—48>2(1—- ) —48=2-68>0.  (since B =1r2/(4—1?) < 1/3)

Then d*> RHS /di* > 0 when LHS is decreasing. Then where LHS is decreasing it is convex

and RHS is concave, implying a unique intersection. O

Proof of Proposition 1. When e = 0, § = ¢*/(4b” —¢®) = 0. Then pj = p; = 1/2. Otherwise,

we compare

1 < 1 - <2bb_—ee) Br*

2+ Bk S 27, - L(1-7,) B2k*?

— 2—7’?,)—%(1—?p)ﬁ2/<a*22(2—1-5!1*) <1—<1::>5/€*)

P 2D, =

2
= —rT, — % (1-7,) 8%k 2 (2 i 7“) K" — (; : :) Bk (7)

When r > 0 the left-hand side of (7) is maximized when 7, = 0. This leads to

1—7r 1 r
— = * < :
27 2)5'€ 27

po<p, < (

The left-hand side is negative and the right-hand side is positive, so py < pj.
When r < 0 the left-hand side of (7) is minimized when 7, = 0. This leads to

g 1—7r 1 Bt > r
— — =) Bk :
Po = Py 2—r 2 2—r
The left-hand side is positive and the right-hand side is negative, so py > py. O
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Proof of Proposition 2. The inverse relationship of p; and x* follows immediately from the
definition pj = 1/(2 + SK*).

The remaining relationships follow from the quintic implicit equation for x*,

* L—r * 2 —2 %
(2+ Br )2(1_(2—7’)&1) apri/i

LHS(x*)
1 2
— (2 m - 50T Bt 2 (-8R o
RH;r(n*)

Note that LHS is constant in 7y and RHS is linearly increasing in 7. All involved functions

are continuous and differentiable, hence we check

d . ., (OLHS ORHS\ dx* (OLHS ORHS
E[LHS (") = RHS (+7)] = ( o o >a?9 ( 974 07, )
Then
O ORHS
A L TN— (8)
oty % — OL8

At the unique x* such that LHS(xk*) = RHS(k*) it is the case that OLHS(x*)/0k* >
ORHS(k*)/0k*, it follows that * is increasing in 7.

To compute comparative statics with respect to 7,, we first check

20T (L (L) (- L))
?p,/afp ﬂ/afp Tp 2 2

. . 2 p— . 2 . . . 2 2
Fixing o7, 7, increases when o7, decreases (and vice versa). Letting R, = /07, /02, we define

37The functions LHS and RHS differ slightly from those used in the proof of Theorem 1. In particular,
they are functions of x* and include § terms, while those used in the proof of Theorem 1 are functions of &
and do not include 8 terms.
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LHS® and RHS® as

(2+ BrY)* (1 - (; — :) 55;*)2 K

LHSE ()
1 1 2 *2 1 * 2—
= (2= 58K Ry +(2—1) ) 2= (1= B)K") 05T0 -
72 2 R,
RHS‘g(fi*)

Note that LHS? is constant in R,. Holding x* fixed, the extent to which RHS? is affected
by R, is given by

) 1, ., 1] 1, ..\ 2-r
a_Rp|:<2_§ 2/{2)Rp+(2—7")R—p:| —(2—§B2K2)— R2 . (9)

p

Since fx* < 1 and r < 1, the above is negative when Rz is small and positive when Rz is
large. Since R2 = (1 —7,)/7,, the above is negative when 7, is large and positive when 7, is
small. An analysis similar to equation (8) implies that x* is decreasing in R, (increasing in
7,) when 7, is large and increasing in R, (decreasing in 7,) when 7, is small. To see single-
peakedness, note that as R, increases, (9) also increases. Starting from a point at which
k* is locally constant, a slight increase in R, from a point at which x* is locally constant
must cause k* to rise; otherwise, k* is falling, implying that (9) is even more positive, a
contradiction.

Finally, note that

2 R2 R? Rz .

When R? = 1, this is simply r — °£**/2 "% 1. Then (9) is positive at R =1(7,=1/2)
when r > 0, and negative at Rz = 1 when r < 0. From single-peakedness, it follows that «*

is minimized at 7 > 1/2 when r > 0 and at 7° < 1/2 when r < 0. O

Lemma 11. In the n-firm extension expected second period prices are given by

a 1
5 T (=1 (m) E[bci| p, pa]

i (2(n—1)b+e) (20 —e) ;E[bcﬂﬂ,pﬂ.

E [p:2n| P pl] -
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Proof. Firm 4’s second period objective is

1 e N
1 (a—bp+mzpﬂn> w=c)

J#

max E
p

Ci, P1] .

At the optimal price p,,, firm ¢’s second period first-order condition is
e
0= a—2bpy, +bei + — ;E [P%2n| £, 1] -
VED

This equation holds given firm ¢’s second period information; therefore it holds in expecta-

tion, conditional on p and p;. This gives

* € *
0 =a— 2bE [p},| p, P1] + OE [c] p, p1] + " > E [1}5,] . 1] -
J#i

Taken over all firms ¢ this is a linear system, AE[p}|p, p1] = a + bE[c|p, p1], where

e

Au = 2b7 Azy _n 1 (] 7£ Z)
The matrix A is invertible, with
A = 2(n—1)b—(n—2)e Al e G
(2b—e)(2(n—1)b+e) T (2b—e)(2(n—1)b+e)
This implies the stated result. [

Corollary 4. In the n-firm extension second period prices are given by

. @ 1 N e? E[c] ]
20 = 5\ G Ci| s
Pion =5y =05 (2(n—1)b+e)(26—e) PP
Ec; )
+Z n—l b+€)(b 6) [C]|p,p1]
J#Z
Proof. This follows immediately from the proof of Lemma 11. O]

Lemma 12. In the n-firm extension expected second period profits are given by
2
E[n}lci,p1] = 1 a—be; + LZE [p*Q ‘Papﬂ
e 4b(n —1) n—l#i Jn

Proof. This is a standard profit-maximization problem, and follows immediately from the

optimization in Lemma 11. O
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Proof of Theorem 2. Firm i’s first period objective is

max E
p

1 € * *
1 (G —bp + n—1 ij1n> (p— i) + iz (P)

J#i

Following Lemma 12, the firm’s first-order condition is

* e *
2bpzln =E|a —+ bCi + m ijln Si]
77 ] (10)
e e 1 Dion
—E —be; + —— ol J il
+2b (a c+n—1;pﬂ”> (n—l%dpm) S]

Conditional on p, firm i’s price does not affect firm j’s beliefs about firm £’s price. Then

following Corollary 4,

d
dpiin

be d
E |p: = E ¢l p, :
[p]2n| P, pl] (2 (n — 1) b+ 6) (2b — 6) (dpiln [C |p pl])
Conditional on p, the effect of firm 4’s first period price on firm j’s beliefs about i’s costs is
completely determined by the relative importance of private and public costs in setting first

period prices. That is,

O5ToDe
Elci|lp,p1] = k), = 4 >°n — .
dpiln 0-;2) (1 - TP) Tpplz)n + 0-37_9]93”

Define 3, = €?/(2(n—1)b+¢€)(2b— e); note that 3, = /3 as defined in the base two-firm case.
Then equation (10) becomes, for any j # i,

* € ]' * * ]' * *
2, = (145 ) a+ (1 - §ﬁmn> E[bei] si] + B [Phia| 1] + 5€0ur0E [Pan] 5i] -

Corollary 4 implies®®

E [P§2n| Si] - %a_ . + % (14 Bn) Elcj| si] + Z g/BnE [ck| s:] + gﬂnE [E[ci| p, P1]| si]
k#i,j
_ 2ba_ —+ (% (14 5n)+(n—2) Zﬁn) E[¢;] s:] + gﬁnE [E [ci| p, 1]| 84] -

38Note that bB,/e = be/(2(n — 1)b+ €)(2b — €), so divding by zero is not a relevant concern.
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In the linear pricing equilibrium,
Diin = Pon + PonE [0i] si] + ponE [p] 5i] -

Matching coefficients gives

e N b
2bp9n =0b + % (_b + bﬁn/{npﬁn) Eﬂnﬁ
_ b . 1b/8 * _|_ 1bﬂ2 *2 .
- 2 nl{n 2 nﬁn p@n)

2bpon = b+ €T pppn

b

1 b, b b
+ (%) <—b + (5 (1 + Bn) + (n - 2) ;Bn + Eﬂn + gﬂnH;pm (1 — FP)) e) gﬂnﬁ

1 1
=b+ €T, ppn + 3 <—b + 3 (1+Bn) e+ (n—1)bB, + bBukpom (1 — FP)) Brk.

The stated equalities are immediate. O]

Proof of Corollary 1. The expressions for ppo, and pp follow immediately from Theorem 2.
As mentioned in the main text, lim, »o, 3, = 0. In the n-large limit information about
firm 7 does not affect any firm j’s second period pricing strategy. Then firm 7’s first period

first order conditions (equation (10) in the proof of Theorem 2 above) reduce to*°
2bpY . = a+ bE [¢;] s;] + eE [pj*»loo| s;] for any j # 1.
In expectation this is
2bE [pf o] = a+ bE [E[¢;| si]] + €eE []E [p;loo‘ SZH =a+ bE [¢;] + eE [p;loo} )

In the linear equilibrium this implies

20 (Pose + Posctto + Poookte) = @+ b (o + tp) + € (Pose + Pocohts + Ppoottp) -
Algebraic rearrangement gives

(20— €) pose = a+ b (o + 115) = (2b = €) Poootio — (2b — €) Ppooi.

Substituting in for ppe, and p,« yields the stated equation for pysc. n

39Recall that E[> 4 4i Piinlsil/(n — 1) = E[pjy |si] for any j # i.
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B Proofs for Section 4

To simplify notation in this appendix, we use ~, to denote an equivalence of all terms that

depend directly on the parameter x; that is, f(-) ~ g(-) if there is C' € R such that for any
x € Suppz, g(z) — f(z) = C.

Proof of Lemma 5. Second period prices pf, follow from the same methodology applied in
the proof of Lemma 1. First period prices p; follow from the same methodology applied in

the proof of Lemma 3. O

Lemma 13. When common cost information is shared, expected second period prices are

1
E’ [poQ‘ P, Spa pl] = ——62 ((2b + 6) a+ 2b2E [Cl‘ P, Spa pl] + beE [Cj' P, 5[’7 pl]) .

452

Proof. Following Lemma 5, we have

1
E [p}s] p: 55 P1] = 57 (4 + DB [ci] p, 55, 1] + B [952] 2,50, P1]) -

This yields two linear equations in two unknowns. Solving this linear system gives the desired

equation. ]

Proof of Proposition 3. We begin by computing pj, then address comparisons to the no-
information-sharing regime.

Lemma 5 and the statement that OE[pS,|p, s,, p1]/dpia = bB/epfy give that first period
prices are

si] . (1)

C 1 C 1 C ﬁ
Py = %]E [a + be; + epﬂ’ si} + @E (a —bc; + eE [pﬂ‘ s 5p; pl]) ]%

Following Lemma 13 we have

E [~bei + B [p5] p. 5, p1] | 51]
=E [E [—bci + 6]7;2‘ Py Sp, pl} { Si}

=K [E {—bci + 2b+ €) a + 2b%c; + bec;)

Si:|
1

= mE [E [(2b + ) ea + 2b*ec; — 2 (21)2 — 62) bci‘ 0, sp,pl] | Si} ,

e
W — o2 (( Ps Sps P1
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In a linear equilibrium, s;¢ is perfectly revealed by p;;. Then the above is

E [—bei + B [pSs] p, 5, 1] | 1]
- L _E[(2b+¢)ea—2 (25 — &) b, + 2 o] .5yl 5]

In the linear equilibrium, p;1 = p§, + pHE [0:] si] + pi,E[p] s;]. Restricting equation (11) to

terms which depend on E[6;|s;] gives

11 <2%-—62) g1 1 (Qﬁg;llé

2 2\ =) o 27A\ 1,

Dige 2 > = 4p] =205 — (B—1)B=0.

c __
Pigp =

W

The solutions of this quadratic are

b= (24 VAT I6(-1)5)

11
=+ 2,/467 14 =
446 B+

1 1 1
Lases-1)e {—56,—(1—6)}-

2
Since B = €?/(4b* — €?) > 0, one solution is positive and the other is negative.’’ Then
p5y = py = (1 — 3)/2 for both firms.

Recall that pj = 1/(2 + px*). By its definition in Lemma 4, k* < 1/py = 2 + fx*; then
k* < 2/(1 = p). It follows that

po > 28 = py-

The inequality x* < 1/pg is strict whenever 8 > 0 and o2(1 — 7,)7,p; > 0; since we have
assumed signals are informative, this is true whenever e # 0.

The inequality pj < pj implies

1—2p} 1 — 2p5
/BK*: *pG S Cpe _ﬁc:ﬁﬁc
Do Do Py

]

4OWhen e = 0, —3/2 = 0. This solution can be ruled out by second order conditions, but we omit this
exercise: if p§y = 0, prices do not depend on private cost information, which is not possible in our equilibrium.
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Proof of Theorem 3. Following from Lemma 2 ex-ante expected second period prices are

Elpj,] = 4b2—1_€2 (20 +e) a + 20°E [E [¢j| p, pja]] + beE [E [¢;] p, par]])
= e (B2 + cat (20° + be) (1o + E pls., )]

+ beE [ (E[p4 | s] — (v + pone + 05E ] 51))])

The latter term equals zero, E[E[pj,|s;] — (9§ + pjre + pyE[plsi])] = 0. Tt follows that in
equilibrium
a+ b(pp + pig)

20—e

E [p;Z] =

Similarly, with information sharing

1
s ((2b+ €)a+ 2R [E (6] p, 5,0 1)) + beE [E [ci] p, 5. pa])

1
= (20 +€) a+ 2b°E [p + E[6;]s;6]] + beE [p + E[b;]s4]])
a+ b(l‘p + 1o)

2b —e ’

E[P;ﬂ =

In equilibrium the ex-ante expected price for each firm in the second period are the same
with and without information sharing.

From Lemma 3 the first period price in the symmetric equilibrium is

1 b
E[p;i] = EE {E {bcz' +a+ % (@ = be; + €E [p5s) py sips pj1]) 2 i > K"\ Sip, Sze”
1 2, %
o (a +b(pp + o) + —2(422“_ =E [E [ (a — bei + € [Py py 510 p1] )| Sim Swﬂ) ,

Similarly, from Lemma 5 when firms are sharing common cost information expected first
period prices are
be

1 e
Elph] = 55 —F {bci ta+t o (a—bei+ B[P psppin]) et

Sps 3i9:|

1 e?K° .
=5 (a + b(pp + o) + WIE [E [(a — be; + e [pﬂ‘ 0, sp,pjl]) ‘ Sp, Sw“) .

All terms are identical except k* and x¢. From Proposition 3, k¢ > k*, where the inequality

is strict when e # 0. Therefore E[p§;] > E[p},], where the inequality is strict when e # 0. O
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Lemma 14. The demand specification (1) is generated by the utility function
n—l ( (n—l)b—(n—Q)e)zn:q2
(n—Dbre)b—e)) 2"

n—1
I (((n—l)b+e b_e)ZZ%% Zmz (12)

i=1 j#i

u

In particular, when n = 2 the utility specification in (2) generates demand specification in
Section 4.

Proof. Fix a price vector p. Given utility as in (12), the consumer’s first-order condition

with respect to quantity g¢; is

-0 (i guag) Y (Grrae=g) 2v

J#i

Let @ =" | ¢;- Summing up both sides of the equation over all firms i gives

na_ (n—1)b—(n—-2)e —(n— 1) ¢ = y ‘
e 1)<((N—1)b+e)(b—€))Q (n=1) (((n—l>b+e><b—e>>Q 2

Algebraic rearrangement yields

(n—l)Q:na—(b—e)Zpi.

=1

Note that il = () — ¢;. Then the consumer’s first-order condition with respect to ¢;

can be written

i ((nTl)He> q"_<"_1)(((n—nbie)(b—e))Q:pi'

This implies

Qi:(ni1)2<(%)a — <na— b—eZp]> n—1)b+e)>

_ (nil)Q ((n—l)a—(n—l)bpijLeij).

JF

This is the demand form given in (1). O
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Proof of Lemma 6. From Lemma 14, utility is given by (12). Substituting in demand and

applying equilibrium symmetry,

2a b 9 e
b_ e]E [Qit] - (m) E [qit} - <m) E [Qitth] —2E [pitQit]

= —2aE [pi] + bE [p%] — €E [piup;e] -

E[u(qupe)] =

Expressing in terms of the expectation, covariance, and variance of prices,

E[u(pt)] = (—2a+ (b —e) E[py]) E [pit] + b Var (pir) — e Cov (pir, pjt) -

Proof of Lemma 7. In period t firm ¢’s expected profits are
E [m3] = E [(a — bpi + epje) (P — ¢i)] -

Note that, when considering ex ante expected profits, it is not necessary to condition on

learned information, which disappears by the law of iterated expectations. Then we see
E [73] = aE [pi — c;] — bE [p?t - pitci] + €K [pjipie — pjeci]

= aF [pi — ¢;] — b Var (pi) — bE [pie]® + b Cov (pyy, ;) + OE [py] E [c]
+ e Cov (pit, pjt) + €E [pi] E [pjs] — e Cov (pjr, ¢;) — €E [p;i] E [¢/]

= (a — bE [py] + €E [pjr]) (E [pir] — E[ci])
—b(Var (pit) — Cov (pir, ¢;)) + € (Cov (pit, pjt) — Cov (pjt, ¢i))

= (a = (b—e)E [pu]) (E [pa] — E[ci])
—b(Var (pir) — Cov (pir, ¢;)) + e (Cov (pit, pjt) — Cov (pjt, ¢;)) -

The final line follows by equilibrium symmetry. Since there are two firms, symmetry further

implies that expected producer surplus is twice this quantity. O

Lemma 15. For given wvalues of b and e, consumer surplus decreases with information

sharing when a is sufficiently large, provided e # 0.

Proof. From Lemma 6 consumer surplus is
Efu(p)] = (=2a+ (b— e)E[p]) E[pi] + b Var(p;) — e Cov(p;, p))
Without information sharing, the expected price, variance of price, and covariance of
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prices in the first period are given by:*!

N 1 e*k* .
Eph] = 55— (a + (1 + o) + S — )" [(a = bei + eE [pjs ] p, Sipvpjl])}) )
. N 12 w12 Tif 12 Ti
Var (pj,) = [p0]2 Var (E [0; sig]) + [ppj| Var (E [p| s5,]) = [P0]2 7__9 + [pp} T_p§
P
=2
* ok %72 «12 7
Cov (pf,51) = [p5]” Cov (E[p] sip) . E [pl 55,]) = [p})] .
p
With information sharing these become
. 1 e2k¢ .
Eph] = 55— (@ + 00y + o) + mﬂ":’ [(a—be; + eE [p5a] p,5pspi1] )] ) 5
2 QTip

Var (pfy) = [pg]2 Var (E [6:] s]) + [p5] Var (E 4] 5,]) = [p5]” l + [)

27
Cov (p%, 15) = [p%]* Var (B [p] s,]) = [pf]? ———2

Given an information sharing agreement the differences between the values with and

without information sharing are

sl = (55 ) (s ) O~ ) @020 0) i 4 )b

T c * c 27; <12 T
A Var (pi) = TT_; ([p9]2 - [PQ]Q) + [pp] (T JTFPQT ) - [pp]2 =
p\Tp spi

Tp
=2
2 27; 2Ty
ACOV i1y Pi — ° L ; -
(p ! pjl) [pp] Tp (Tp + 27’1/}) |: p} Tp

From Proposition 3 we have k¢ > r* for e # 0, so AE|[p;;] is increasing in a; when expected
demand is positive, so that a > (b—e)E[p], AE[p;1] > 0. Equilibrium price coefficients (other
than pg) and price informativeness do not depend on the value of a, therefore A Var(p;;)
and A Cov(pi1,pj1) are constant for all a. Then the difference in consumer surplus across

informational regimes depends only on the leading term in the expression for consumer

41Tn the variance and covariance given in this block and the subsequent, it is intuitive that price coefficients
should be squared. Note also that, e.g., Var(E[¢;|s;]) = Var(Tigsig) = To(02 + 02%) = Tig/Ts, s0 the Tp term
enters linearly.
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surplus given in Lemma 6. The effect of a on this term is given by

(=204 (0~ EPIDER] — (20 + (b — ) E i) E o]

_ § [~20AE [ps] + (b — €) AE [pa] (E [pfy] + E [p])]
(?A]E [pﬂ]

Oa

#0-0) 2P g+ B ) + 0 ) AE ]

OE [pf;] | OE [py]
) B ) (13)

Since e # 0 implies k¢ > k*, it follows that

OE [p§,] 1 e be .
da  \2b—e bt % —c) a2 —e2"
1 e be .\ _ OE[p;]
” (2()—6) <1+ <2b—e> 4b2—e2l€> ~ da

Then AE[p;1] > 0 allows (13) to be bounded above by

2 [(=2a+ (b= ) E[pi]) E[pf] — (=2a + (0 — ) E[pji]) E [pj]]

Oa
- (—2 a0 “Eé—w) AR [pia] + (—2a + 2 (b — ¢) E [p5,])

da

Straightforward algebraic rearrangment gives —24-2(b—e)0E[p§;|/0a < 0, and by assumption
—2a + 2(b — e)E[p§,] < 0. Since AE[p;;] is linear in a and OAE[p;;1]/0a is constant in a, it
follows that for any A > 0 there is a such that for all a > a,

% [(=2a+ (b= ) E[pa]) E[pji] = (=2a + (b — ) E[pii]) E[pih]] < —A.

Therefore we can choose an a such that

(—2a+ (b—e) E[pi]) Epfy] — (—2a + (b — €) E [pjy]) E [p}y]
< bA Var (p;1) — eA Cov (pi, pj1) - (14)

For all such a, the consumer surplus in the first period decreases under information sharing.

We now consider the effect of information sharing on second period consumer welfare.
In the proof of Theorem 3 it is shown that expected second period prices are unaffected by
information sharing, so (following Lemma 6) consumer surplus will be completely determined

by the effect of information sharing on the variance and covariance of prices.
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The variance and covariance of second period prices are

62

* € *
1b2 Var (E[pj2|P,pil,Pj1]) — —Cov (Ci; E[pj2|p7pi17pjl])

4b
kp,Var (E[6;]s:6])

1
Var(ph,) = ZVM(Q) +

2 15 e?
:CVar (b,e)OP—FZJg —m

4bh%e? + et ~ - . N
A(4b? — e2)2 (K*Tip(1 = Tip)aapy” + K7p;* Var (E[6;]sig]))

64

1 "
= Cvar (b, 6) O'i -+ 103 + Mﬁpg Var (E [(9@|829]) ;

* * 1 e >
COV(p¢27Pj2> = ZCOV(CM Cj) + %COV (CiaE[ij‘papilupjl])

2

€ . )

+ 1200V (ElPklp, pia, pin) Elpjslp, pir, pj)
(2b + 6)2 + 4b?e? + et + 4be? 2 e? 5

- 4(4b% — e%)? Tp 20402 — ¢2) rpy Var (E[0;|si0])

be? ~ ) . .

@ e (Tl = ol + i Var (Bl su])

4b%e? + 2be® — e
2 (4b2 — ¢2)’

+

= CCOV (ba 6) +

kpy Var (E [0;]s40]) -

The above chains of equality follow from the fact that

pyVar (E[6;]s:0])
7_'1[,(1 — %ip)ngzz + pEQVHI (E[QZISZQ])

kR =
Under information sharing the variance and covariance of prices are

1 e? e
Var(piy) = 7 Var(e;) + 5 Var (ElpSylp, pir, pja]) — 1300V (ci, E[pSy]ps pit, pj1)
4

e
5 Var (E[0;]si]) ;

1
= Cvar (b, 6) 0'2 + —Ug + m

4

1 e
COV(ppr;z) = ZCOV(C% ¢;j) + %COV (Cz‘7 E[p§2|p7pilapj1])

2

€ c .

+ @COV (E[p%lp, pirs pial, E[Pj2|/)7pi1,pj1])
(2b + €)2 + 4b%e? + et + 4be® ,  4bPe? — et + 2be?

= 4(4b? — €2)2 o, + D — e1)2 Var (E[0;]s:]) -

These terms are unaffected by the demand intercept a, and therefore (appealing to the ar-
guments preceding equation (14)) information sharing decreases consumer surplus whenever

a is sufficiently large. O]
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Lemma 16. When e =~ b, consumer surplus decreases with information sharing.

Proof. We show that consumer surplus decreases with information sharing when e = b. Since
all equilibrium expressions are continuous in the demand parameters a, b, and e, it follows
that the same is true when e < b.

When e = b, Lemma 6 gives the difference in first period consumer surplus between

informational regimes as

AE [u] = —2aAE [ps] + bA Var (pi1) — eA Cov (pi1, pj1)
= —2aAE [p;1] + (A Var (pi1) — A Cov (pi1, pj1)) b.

From Theorem 3, AE [p;;] > 0. The expressions in the proof of Lemma 15 imply that
AVar (p;1) < ACov(pi1,pj1). The result follows immediately.

Regarding second period consumer surplus, we have

4

*,  k €
A Var (p,g) = (]_ — K p&) [M} Var (E [9Z|8Z9])
1
=1 (1 — k*pp) 32 Var (E [6;]s:]) , and
o [4b%e? 4 2be3 — et
A Cov ) = (1= wy) [ B | Vi B )
1 o [46% + 206 — €2
=5 (L= ") |:4()2——62:| B Var (E [0;]si]) -

Recalling that x*pj; < 1 (with equality only when e = 0), we check

bA Var (p;o) — eA Var (pji2, pj2)

1 . 1 o [40% + 2be — €2
= 5 (1 — K p@) bﬁz Var (E [61|529]> — 5 (1 — K p&) {W] eﬁ\/ar (E [91’519])
2 2
sign T 442r—r sign
:—4—r2_r(—4—r2 )zr—(4—|—2r—’r2):r2—r—4.

The roots of this quadratic are 7 € [1 £ /17]/2 & [—1, 1]; then the above is negative for all

valid 7, and second period consumer surplus decreases with information sharing. O
Lemma 17. The effect of information sharing on expected second period producer surplus is

—4 4 4r 4272 — 3

AE[IT,] = —

(1 — k*p}) bBTe0;.

Proof. Lemma 2 gives an expression for expected second period profits in terms of the
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expectation, variance, and covariance of prices. The proof of Theorem 3 shows that expected
second period prices are unaffected by information sharing, and the proof of Lemma 16 gives
expressions for the changes in variance and covariance of prices induced by information
sharing. What remains is to consider the effect of information sharing on the covariance of

prices and costs. We compute

1
Cov (CivpiQ) = Cov (Cz‘, % (CL + be; + eE [ij‘ P P1]))

1
— (03 + az) + 5" Cov (cl-, ((2b +e)a+ 26°E [¢;| p, pj1] + beE [ p,pﬂ])>

4h? — e2

1 e
(07 +0;) + 3 [m} (26 Cov (ci, E[cj| p, pjr]) + e Cov (ci, E [ci] p, pin)) ;

N = DN =

1
Cov (¢i, pj2) = Cov (Cz‘, % (a + bej + e [pi] p, Pl]))

1, 1 e
= 5% + 5 {m] (2bCov (¢, E[ci| p, pir]) + € Cov (¢i, E [¢5] pypj1])) -

Following Lemma 9, we compute

Cov (¢;, E[cil p, pa]) = Cov (ci, (1 = KTipp)) p + Kpin)
= (1 = KTippp) 04 + £ Cov (¢;, polE [0;] 53] + p,E [ pl 5i])
= (1 — KTippy) ai + ﬁﬂgpgag + /fﬂpppaz
= 05 + KTiPe0};

Cov (¢, E [¢j] p, pjr]) = Cov (¢, (1 = KTippp) p + £pj1)
= (1 — KTipp,y) ai + 1 Cov (¢;, poE [0} s;] + p,E [p] s5])
= (1 — KTippp) 02 + fﬁf'pppai =0’

o

From this, it follows that

]- — * _k— 1 * ok
A Cov (¢, pia) = §ﬁ (/fcpgrigag — K pgngag) = 55 (1 — k*pp) Var (E [0:]s4]) ;

1
A Cov (¢, pj2) = ;B (1 — k*pp) Var (E [0;]s40]) -
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Following Lemma 7, this gives

AE [HQ] =2b (A COV (Ci, p12) — A Var (ng)) — 2e (A COV (CZ‘, p]'2) — A COV (pig,pjg))

=2b <%ﬁ (1 — k*pp) Var (E [0;]s:]) — % (1 — k*pp) 3 Var (E [(91'|81'9])>

4b* + 2be — €2

~2e (380w - 5 (- w) | P22 ) Ve (B s

4b* + 2be — €? .
[—4b° + be® — be? 4 4b%e 4 2be® — €° -
- 4b% — e? } (1 — w*p) B Var (E [0;]si])

(4P 4 4b%e + 2be® — &b .
_ ] (1 = k') B Var (E [:]0])

i 4% — e?
[—4 + 4r + 212 — o3 .
- } (1 — w*p) b Var (E [01]s1]).

4 — 2

]

Corollary 5. There is © € (0,1) such that when r > 7, information sharing increases
second period producer surplus, and when r < 7, information sharing decreases second period

consumer producer surplus.
Proof. This follows from a straightforward analysis of the expression in Lemma 17. m

Lemma 18. The change in producer surplus induced by information sharing, AE[Il;], is
increasing (decreasing) in the demand shifter a when e > 0 (e < 0). This increase (decrease)

18 at an increasing rate.

Proof. The variance and covariance of equilibrium prices (and costs) are unaffected by elas-
ticity a, and the expectation of second period prices is unaffected by information sharing,

thus Lemma 7 gives that the effect of @ on the effect of information sharing is determined by
AE (M) =, (a — (b— €) E[e]) AE [p] — (b —e) (E [pj;]” — E [p;]*) -

Straightforward rearrangement of the equilibrium first order condition gives

E [pi] = (ZiT)Q[(2—7”—1—/%)%—1—(Q—T—l%—i-T/%)E[CZ-]}.

Here, & € {fk°, Br*}, where substituting in for & gives the expected first period price in the

53



corresponding informational regime. Thus,

AE [py] = (2 i T)z <% —(1- T)E[CZD (k¢ — K*) B.

Additionally,

da b

Then the change in the effect of information sharing on producer surplus is given by

dE [pa)? 2( 1

= Q_T) (2—7+#)E[pa].

dAE [T14]
da

o<b( ! )2(%—(1—7“)1@[@]) (K5 — 1) + (a — (b— ) E[c) (2;)2(%6—&*)

2
—20-0(35) (325 (G- a-nEe) e o)
—2(h—e) (Qir)4(%—(1—r>1a[ci]) (k7 — 5?) 8

@1 (3 -(1-1El]) -1 C-n (3 -1-DE[])
—(1-r) (% — (1—7’)]E[c,-]> (k°+ k") 5.

By assumption, a > (b — €)E[¢;], so we have

d—AISa[Hl] TR —2(1—r)(2—r) = (1=7) (W + w) = (2—7)r — (1—7) (5 + &) B.

When r < 0, this expression is clearly negative. When r > 0, the sign depends on k¢ + k*.
We have k¢ =1r?/(2 —r?) > Bk*. Then

@=r)r— (=) (+ )2 2—r) = (1=7) =

B o) (2-r) —2(1—r)r=4—4r+° >0

Then when r > 0, dAE[II;]/da > 0. Lemma 17 shows that the effect of information sharing
on second period profits does not depend on a. Because we have divided through by a/b —

(1 —r)E[¢;] > 0, which is linearly increasing in a, the result follows. O
Proof of Proposition 4. This follows immediately from Lemmas 15, 16, and 18. m

Lemma 19. There exists a constant C, € R such that for any 7,, the linear equilibrium
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with a large number of firms yields expected first period consumer surplus
E [t100] ¢ (1 — ) Var (pf;) — r Cov (pjl,pyl) + C,.

Proof. For any finite number of firms n, the linear pricing equilibrium yields the first period

expected consumer surplus given by

_n—l n—1)b—(n—-2e) 2
((( >b+e><b—e>)zq”“

1

u (qe; Pe)

n—1

2 (((n — 1) b + 6 b _ 6 ) Z Z Qitnqjtn — sztnqnn

=1 j#i

Let d;, be scaled demand with n firms,

€
din = (n —1) ¢ = a —bpj; + mzpﬁ-
JFi

Applying symmetry of the linear pricing equilibrium and the linearity of expectation gives

1 1
E [u100] = lim E [uy,] o< abE [d;o] — 5 (b—e)E [dfoo] — EGE [dicodjoc] — (b —€) bE [p};dino] -

n /oo

In the limit with a large number of firms, E[p};] does not depend on 7,. Then E[d;s] does
not depend on 7,. Define d}, = d;, — a. Then there is a constant C;; such that the above

equation can be written

E [uiee] o — (b — e) E[(di, + 2bp}y) dis] — eE [ddf] + Crr.

1007'j00
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We compute each piece in turn.

E[(df + 2bpy) di] = lim B [(d, + 2bp,,) )]

2 2
. e
= JI/IEOE —0*pit, + (m) (Z Pﬁ,n)

JFi
Zp;in + 2 Z Z p;l,anLn
J# JFL ki

= —bE [p}7] + 2¢°E v = —b? Var (p};) + 2¢* Cov (51, P%1) + Cra;
E [df di] = lim E [df,d,]

2
g2 *2 . €
= —b’E [p}7] %—nh/(ngo <n—1> E

i00“joo n oo m“in
. € e
= lim E _bpz(l,n + — Zp;;l,n _bp;I,n + — Zp;;l,n
2 2
* * . € *
= V’E |:p2(1pj1] — 2belE [pﬂp]*i] + nh}lgo (n _ 1) E (;pkln>
Z7]

= (* — 2be) E [phip}y] +2¢°E [piyp}] = ((b—e)* + €*) Cov (i1, p}1) + Crs.
Putting these pieces together leaves

E [t100] 0 — (b —€) (_b2 Var (pj;) + 2¢* Cov (Pfhpﬁ)) —-¢€ ((b - €>2 + 62) Cov (Pfhpﬁ) + Cry
= (b—e)b* Var (pry) — (262 (b—e)+e(b— 6)2 + 63) Cov (pfl,p;l) + Cra
x (1 —r)Var(p5) — r Cov (pfl,pjl) + Crs.

]

Lemma 20. There exists a constant Cr € R such that for any T,, the linear equilibrium

with a large number of firms yields expected first period producer surplus
E [TT100) o (Cov (¢4, piy) — Var (pf)) + (COV (pfl,p;l) — Cov (ci,p;l)) r+ C,.

Proof. For any finite number of firms n, the linear pricing equilibrium yields first period
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expected producer surplus of

[ - 1 * € * *
E[Il;,] = E Z n—1 (a — bpi; + P ijl) (pj1 — Cz)]

Li=1 J#i

* € * *
=E (a — bp;; + n—1 Zpﬂ) (pj1 — Cz)] :

J#

Symmetry in the linear pricing equilibrium implies the second equality; this expression holds
for any firm 7. With the exception of sensitivity to opponent prices all terms are (first-order)
independent of the number of firms n; prices themselves will depend on the number of the

firms in the market. Linearity of expectations and symmetry of pricing strategies imply
E o] = J;TEOE [Ii,] = E[(a — bpjy) (P — ¢i)] + €K [(pﬁ - Ci)P;J (j #1).

Recall that when n is large, expected prices do not depend on 7,. Then there are constants
C'r such that

E[[I)o] = eE [(pz‘*l - Ci)p;ﬂ —OE[(p}, — ci) piy] + Cma
= el [pﬁp;ﬂ — ek [Cz‘pj*ﬂ — bE [1%*12 } + OE [eipjy] + Cm
= eCov (pfl,pyl) — e Cov (ci,p;l) —bVar (p};) +bCov (¢;, p};) + Cra
(8 (COV (Ciapﬁ) — Var (pz*l)) + (COV (p;hpﬁ) — Cov (Ciapﬁ)) 7+ Crs.
This establishes the stated result. O

Proof of Lemma 8. This follows immediately from Lemmas 19 and 20. O

Proof of Proposition 5. Following Lemma 8, the extent to which producer surplus depends

on T, is given by

E [IIo0] ~ (Cov (cs,pj;) — Var (pj;)) + (COV (pzlap;l) — Cov (Cz‘,pg*'l)) T.

We compute in turn:

2

2,
Cov (civpzl) Tp ppooTp po

.2 — 2
Tp ppoo p(a +o? )_ppooTPUp’

)
1) 2 —2 2
)

| 2

Var (p}

| ¢

Cov (p:lvp]
Cov (ci,pjl

PpooTpp5

pooTpU
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Then

E Mioo] 7, (PpscTo0 = PpocTo0,) + (PpoaTy

X (1 =7)PpocTp — (1 — ’r’?p)ppooTp

(1—-r)7, B (1—17,)7, _ (1—-2r)7,+ 7"2F§
2—1T, 2-7r7,)° 2-7r7,)°

—2 2 2
ppoorpop) r

Equilibrium expected profits with information sharing can be computed by setting 7, = 1
in the above equation. Then determining whether information sharing improves producer

surplus is equivalent to solving
(1-=2r)7,+ 17, - (1 —2r)+12
2-r7)?  © (1-2)
— 1-r?C-r’7,-(1-7)2-r)?=1-1r)?2—17,)°
— (1 _7")2 (_4 (1 _Fp> +T2Fp (1 _?p))
)

= —(1—7)° (4 —r°7,
Since the left-hand side is negative and the right-hand side is positive, the inequality realizes
as <, and information sharing improves producer surplus. O
Proof of Proposition 6. Following Lemma 8, the extent to which consumer surplus depends
on 7, is given by
E [u100| 7p) 27, (1 = 1) Var (pjy) — v Cov (pj, pj1) -
We compute in turn:

Var (p)) =7, DpocTp0p;

COV (pﬂ?p]l) —Tp ppoo i 2

Then

1—r)7,— 17>
E[u| 7l o~ (1 — 1 702—7" 7'202o< P L
[ 1 | P] p( )ppoo 14 ppoo (2_7’.?’))2

To determine the effects of information sharing, we compare expected consumer surplus with
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precision T, against precision ?;, =1,

(1_7’)?/)_7“?,2) > 1-—2r
2-r7,)" S (2-r1)?
= (P3P (A== =3r) T, + (8r —4) 2 0. (15)

<~

When 7, = 0 the left-hand side is 8 — 4, and the value of information sharing will depend
on whether r 2 1/2. When 7, = 1, the left-hand side is 0. The left-hand side of the above
inequality is a quadratic in 7,, so properties of the parabola will determine the effect of
information sharing on consumer surplus. In particular, it is sufficient to analyze the slope
of the parabola at 7, = 1. If this slope is positive the left-hand side of (15) is negative and
information sharing improves expected consumer welfare; if this slope is negative information
sharing may lower expected consumer welfare, depending on initial informational precision.

The derivative of the left-hand side of (15) with respect to 7,, evaluated at 7, = 1, is
2(7’3+3r2—4r) + (4—4r—r3—37’2) =+ 3 —12r+4=—(2-7) (T2—|—57“—2).

Then the slope of the left-hand term will depend on —(r*+5r—2) = 0. Solving the quadratic
gives
=2 LB aoan
2 2

When r < 0.372 the slope of the left-hand term is positive at 7, = 1, and when r 2 0.372 the
slope of the left-hand term is negative at 7, = 1. Then when r < 0.372 information sharing
strictly improves expected consumer surplus, and when r 2 0.372 information sharing may
harm expected consumer surplus, depending on the initial level of precision 7,,.

Finally, the derivative of the left-hand side of (15) is (4 —6r —3r%)(7, —7,)+8 > 0. Then
the negative effect of information sharing on consumer welfare is increasing in substitutability.
When 7 = 1/2 the left-hand side of (15) is 9(7, — 75)/8 > 0, and hence for all 7 > 1/2 the
left-hand side of (15) is weakly positive. Then for all » > 1/2 information sharing decreases
consumer welfare, strictly so when either 7, € (0,1) or r > 1/2.

O

C Proofs for Section 5

Per footnote 35, in this appendix we shorten the number of signals firm ¢ shares with firm

7, MH]-:E, to ij. This notation is less unwieldy and is consistent with the literature (see,
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e.g., Vives [2001]).

Proof of Theorem 4. This proof follows in a similar fashion to that of Lemmas 9 and 10.
The public information that is relevant to firm j’s marginal cost includes, p, pj1, shared
(Z%ﬁ’l Wipm + S Mo ujpm>, and the information shared

Additionally, because p is observed, then the remainder of

1
M;p+M;,
42

information on p: 5, = p+

with firm 7 about 6;: S, .

the first period public signal on common costs can be identified: £, = 5, — p. Given a

linear strategy in the first period, the five variables (6, p, pj1,&,, §i9j)T are distributed joint

normally with means (g, f1,, E [pj1],0, 19)" and covariance matrix

2 S = 9 2
Og 0 Djo; 746,99 0 T
2 Sz 9
0 o, PipTjpT, 0 0
2
BoT 0. 02 i T 02 P2 Tig. 02 + P2 T 02 1T Tip B0 T (02 4+ T2
PjoTi0;06 DPipTjp0p Pje,Ti6;09 + PjpTin0p PipTip (M]-p+Mjp> Djo;T jo; (09 + Mj,
nd 0'2 g
0 0 o (3t e 0
PieTip M;jp+M;p Mjp+Mip )
2 ~ ;' 2 Uuej 2 Uuej
T4 0 P56, jo; (a(, + Mjo, 0 7+ Mg,

Then the conditional expectation of c;, given p, pj1, €,, and 54, is

E [0;] p,Dj1, Eps Siv; ] = 1o + S12555 (0, D1 €0, Bin,)" — (1o E [Pjn] , 0, o)") , with

_ ~ = 2 2
212 - (07pj6’j7-j0j0-97 07 09) )

2
Tp

5.7 g2
DjpTjp9,

0

2
= ;. 2 ~9 l' 2 ~2 :. 2 . :, L
PioTin®p Pjo; 70,00 + DjpTin0, PipTjp (Mjp+Mjp>

222 = 0

0

~ 2
DT <Lﬂ~>
Jpap M;p+Mjp

~ ;' 2 Uuﬂj
Dj6; T jo; (‘79 + M-(,j)

J

The conditional expectation matrix is

YaYy =

—PjpTjpls K,

42Note that 56, is public information in period two that impacts p;;. In equilibrium this is known and can
be accounted for, and therefore this public signal has no influence on expected cost of firm j in the second

period.

~ = Mip + M
DipTio T
Mj, + M,

2
Tup

Mjﬂ+Mip

0

P =~

L= 2
Djo; T jo, (JG +

R, Tio,(1 — Epjo,) | ,




where

L =~ 9 Mo, Mj@j"g""’iej
pjg.’Tjg.O'@ 1 i = 5 5
J J 765 Miej09+0u9j

~ M. Mjo.03+02, ~ - T

o = 9 i0; 136596 Tu; 5 = ~ 9 M+,
: Ti.05 [ 1— - + P4 T (1—7’-)0 1— ==

Djo, T 16, 0( Mjo, ijgnggiej DipTip jp) Op M, 1T,

Then the expected costs as a function of the public information in the second period are

given by

Elcjlp, pir, €p, Sio,] = p+ 110 = (p = 1o)BjoTiok + (D1 — Elpj]) &
= Mip + Mjp ~ s ~ ~

J jp

— EpPipTjp
Firm ¢’s expectation of these expected costs given history, h;;, are

E [E [cj’p7pjl>€p7 §i9j:| |h7,lj| = E[p‘glp] + E[ejygzﬂj]?
E [E [cilp, pj1,€ps 3i0,) [hia] = Elpl3i,) + E[0:]550,] + o, (E[0i]5i,] — E[6i]550.])
- M;, + M; - M, + M; -
pp( ]3] p( M, + M, [p]3i,] pMip+Mip p— ( p)Hp
Expected first period price of the firm j is

Elpj1|ha] = E [ﬁjo + Djo,Bl0;1550,] + DipBlp1550] + Djo, El0:]5j0.] + Djsio, BlO;15i0,] + Djs, ElplS,) |hi1}

~ Mz + M ~ ~ Mz + M fad ~ = ~
=Djo+ ﬁpjpmpﬁp] + (1 - ﬁ) (TioElpl8in] + (1 = 75)10) B
ip ip i ip

+ Djo, Bl0;[Si0,] + Dis.o, ElO:|Si0,] + Djs, ElplSo] + o, El0i] 56, ]

Plugging these into the first order condition from Lemma 3

4b]51,1 — 2E[bcz “+a + eﬁj1|hi1] —+ BlzdzE |: <(Z — bCZ‘ + ﬁ((Zb -+ 6)@)) ‘ h11:|

65/%,
4b2 — €2

b5, (T i, + T,
| zp, 1— % _ Mip jp Elp|3;,] — _ Mip PR3 ‘
+ A2 — e2 ["{pp << Tip ( M, + Mip)) (Elpl8ip) — #p) N, + M, [Pl%])]

+ [20° (Elp|5:,] + E[05i0,]) + be (E[0[3)0,] + Fibia, (E[0;]5:0,] — E[0:]3j0,] + Ep[35,]))]
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Matching coefficients we get the following system:

be? Bi;pig
42 — 2’

_ be*BR; - M, + M 2b%e Bi;
4bpip:2b—bﬂlii+m(1+I€ipip(1—7'p<1—u +m

Mip + Mip
M;,+ M, \ -
+ 2e (1 - Lﬂ) T oDjp;

Abpig, = 2b — bBR; +

Mip + Mip
_ ~ 2b2eﬁﬁl
4bpi9j = 2e <pj9j + pjé'w]-> + A2 — 62;

b€25/%i ~
m(l - K;ipiei);

4bﬁ’b§p = 2e (ﬁjgp —+ M"’ ) _ beQﬁ%?pip (sz + Mjp) ‘

4bpis;,. = 2epjo, +

M;, + Mippjp a? —e? \ M, + M;,

Imposing symmetry (in both strategies and shared information (Mip = Mjp and Migj =
Mjgi)) and rearranging the coefficients we get the desired coefficients. Combining these
with the equation for the informativeness of price we get the following expression for the

equilibrium value of k& = Sk

1-— 2 - 5
i (1 - (2 7”) /@) (24 )27, (1 = 7p)0°

- T
. M,y Mg 02
— (5(2 + /2;) — /%)mag <1 _ Mej ~j9

(%)
Mip+Mip
The argument of existence outlined in the proof of Theorem 1 applies to this more general

setting. O

Proof of Proposition 7. Following the proof of Theorem 2 we calculate the ex-ante expected
price in period 1 and 2.

Ex-ante expected first period prices are

~ 1 e . I be
E[pzl] = EE |:E |:bCZ +a+ 2_b (CL — bCi -+ eE [pj2| p,pjl;f‘:pa Sigj]> m/{‘ h11:|:|
1

:2b—e

e’k _ I
(a + b(pp + o) + WE [E [(a — be; + €E [Bjo| p, Bj1, €ps Si0,] ) | hit]] ) :
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Where ex-ante expected second period prices do not depend on the information sharing

agreement:
. 1 I AU
E[pjq] = TR ((20+€) a+ 2V°E [E [¢;] p, Bj1. &), Sio,|] + beE [E [¢i] p, Dir, €, S50,]])
1 . . . .
— (E [(2b + €)a + 2% (E [6;|3:0,] + E [p|3:5]) + e (E [6:|5,0,] + E [p|5:,])])
. a + bE[CZ]
- 2—ce

Therefore ex-ante expected prices in the first period become

_ . a+DE[c] e’k a + bE[¢]
Bpul === T s — o (“ — Bl )
_a+bE[c;]  bla—(b—e)Elc]) ,.
- 2—ce + (2b — e)? PE.

]

Proof of Proposition 8. The LHS of (16) is not impacted by any information sharing agree-
ment. An increase in Migj decreases the RHS of this equation for all &, lowering the value of
k where the two lines intersect. An increase in Mip will increase the RHS for all & increasing
the equilibrium value of k. To see this second point we take the derivative of the RHS with

2M;
respect to n;, = Mip"l‘;&ip’

6RHS sign QMZ ~ 1 . ~
2 - —— <—2r+2 (mp+ —i(1 —ﬁ,)))
@nip Mip + Mip 2

2M;, 2M;, -1 -
+2-—r -1 - — = TTip+ =R(1 —T4p) | .
M, + M, M, + M;, 2

2M, 2M; -1 -
=-2r+2r——"2 42 p— 1 (2-1) (rﬁp + =k(1— ﬂp)) > 0.

ip T Mip M, + M,

N}
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D Bounds on values (for online publication)

The following inequalities are used throughout the paper.

Be o % (17)

be__ee e o, ; (18)
()rep
Po € %%1 (20)

W e o %} c [0,3] (21)

Br* € _0, 2i—2ﬂ} C [0,7*] C[0,1] (22)
’ﬁ e o, ——1"2] C 0.7 € [0,1] (23)
p, € é %} (when ¢ < 0) (24)

p, € [0.46,1] (when e > 0) (25)

D.1 Proofs of bounds

Proof of inequality (17). Since |e| < b, 8 = €*/(4b* —€?) > 0. To establish the upper bound,
note that the numerator is increasing in e? and the denominator is decreasing in e?, so the
maximum value of 3 will be attained when e? is at its maximum. Since e? < b?, it follows
that g < 3. O

Proof of inequality (18). Since |e| < b, it is immediate that (b—e)/(20—e) > 0. To establish

the upper bound we examine the first derivative of the expression with respect to e,*?

—(2b— b— b
IRV ETE N N
(20 —e) (20 —e)
Then the derivative is negative everywhere, and the expression is maximized when e is at its
minimum, e = —b. This gives
b—(=b) 2
2b— (—=b) 3

43Basic intuition about fractions is sufficient for this maximization. We find that straightforward calculus
is simpler to analyze.
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]

Proof of inequality (19). This follows directly from inequalities (17) and (18). O

Proof of inequalities (20) and (21). Since Sx* > 0 and pj; = 1/(2 + k*), it must be that
py < 1/2. Further, p; will be minimized when Sx* is maximized. Looking at x* in isolation,
*x 0-377-9]95
apTopy + (0f + 05 T

All involved terms are positive, so * can be bounded above by assuming that 7, = 0. This

gives
2= % 2= %
OyToDg _ O0gToDg l
— 2 2\ =2,,%2 2= . x2 %
(07 +0%9) T4 s OgToDg Dy

Let py be the minimum feasible value of pj and B = 1/3 be the maximum feasible value of

B; then k* < 1/ p,- 1t follows that

* 1 * 1

pG_ B - o = —_—.
2+ & - B
+Z 2+ 2

['his gives
_ 1
* *
pp+621 = 13925.

Then pj > 1/3. Tt follows that x* < 3. Since |e| < b, be/(40* — €*) < 1/3, hence

be 1
*< - — .
()= (5)o-

From x* < pi = 2+ Br* we can bound

D*

N 2 _4—7“2

4 —1-8 2—1r%

Proof of inequalities (22) and (23). This follows directly from (21),

212 r?

* 2 —
035“§5<1—5)_4—m2_2—ﬂ‘

1 T
*: - *< .
Bre ‘r‘ﬁﬁ - 22

Then
be

< |
0_‘4172—62

P

C
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Proof of inequalities (24) and (25). Recall the equilibrium equation for p7,

= Lo Gﬁ) d where r = ¢
b= R =1 (1=7,) e b

By inequality (22), Sx* < |r|, so the bound on the denominator will depend on the sign of
T.
When r < 0, the denominator is bounded below by 2 — 3%x%/2 and above by 2 — r. The

numerator is bounded above by 1 — Sx*/2. This gives

1_l * ]__ 1-r KI*
P i 1262'12 = —22")6
— 58%k —r

_ 2-Bk >(2—7’)—(1—T)
T4 — BPR*2 - 2=
1 1 1 1
= §—7 = 22—.
2+ Br* 2 (2—7’) 9

When 7 > 0, the denominator is bounded below by 2 — 7 and above by 2 — 32x*?/2. The

numerator is bounded below by 1 — Sx*/2. This gives®

[\
|
3
VAN
=
3
o
(V]

44While not obvious from the approach here, simple cases and numerical investigation show that these
bounds are tight.
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