Available online at www.sciencedirect.com
JOURNAL OF

SCIENCE@DIRECT’ Economic
Theory

ELSEVIER Journal of Economic Theory 127 (2006) 1-35

www.elsevier.com/locate/jet

Bundling as an optimal selling mechanism for a
multiple-good monopolist

Alejandro M. Manelli?, Daniel R. Vincent®:*

ADepartment of Economics, College of Business, Arizona State University, Tempe, AZ 85287-3806, USA
bDepartment of Economics, University of Maryland, College Park, MD 20742, USA

Received 19 September 2003; final version received 20 August 2005
Available online 5 December 2005

Abstract

Multiple objects may be sold by posting a schedule consisting of one price for each possible bundle
and permitting the buyer to select the price—bundle pair of his choice. We identify conditions that must
be satisfied by any price schedule that maximizes revenue within the class of all such schedules. We then
provide conditions under which a price schedule maximizes expected revenue within the class of all incentive
compatible and individually rational mechanisms in the n-object case. We use these results to characterize
environments, mainly distributions of valuations, where bundling is the optimal mechanism in the two and
three good cases.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

It is not uncommon to sell a given number of indivisible objects by offering them in bundles,
i.e., subcollections of objects. Bundling may be carried out by posting a schedule of prices, one
price for each possible bundle, thus permitting the buyer to select the price—bundle pair of his
choice. We consider a model with a seller with » indivisible objects, and a consumer with linear
preferences (over goods and money) whose valuations for the objects are private information.
Our goal is to identify environments in which bundling is optimal in that it maximizes the seller’s
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expected revenue. (Henceforth the adjective optimal is used in this sense.) First, we study the
revenue-maximizing price schedule within the class of all such schedules. We identify necessary
conditions for optimality. Second, we investigate the optimality of price schedules within the class
of all incentive compatible (henceforth IC) and individually rational (henceforth IR) mechanisms.
We provide sufficient conditions for the optimality of bundling. These conditions can be expressed
as a pair of functional inequalities. We illustrate how the conditions can be used to identify a class
of environments for n = 2 and 3 in which bundling is the optimal mechanism.

It has long been known that when there is only one good, posting an appropriately selected,
take-it-or-leave-it price generates the highest expected revenue among all feasible trading
mechanisms. ! This remarkable result implies that, despite the enormous class of incentive com-
patible, individual rational bilateral trading mechanisms, in the one-good case, the search for
expected revenue-maximizing mechanisms can be restricted to a very simple class of institutions.
Posting a price schedule, i.e. bundling, is the natural extension of the one-dimensional mechanism
to the case n > 1.2 In addition bundling is ‘simple’ in that randomization in the assignment of
goods is not used; a buyer of certain type will buy a given bundle with probability zero or one. It is
therefore valuable to understand when these deterministic posted price mechanisms are optimal.

In spite of its attractive characteristics, surprisingly little is known about the consequences of
bundling for revenue. For instance, it is not known, even in the n = 2 case, what the revenue-
maximizing price schedule is, or under what circumstances posting a price schedule is indeed
the best trading institution. We show by example that, unlike in the one good case, revenue
maximization may require the randomization of assignments even for n = 2.3

As an intermediate step in searching for environments where bundling is optimal with respect
to all IC and IR mechanisms, we provide conditions that the best price schedule (within the class
of all price schedules) must satisfy. We illustrate the usefulness of these conditions by providing
sufficient conditions for when the optimal price schedule is submodular.

We next use our characterization of the best price schedule to explore our main goal. Our
approach yields sufficient conditions for the optimality of the price schedule within the class
of all IC and IR mechanisms. Those conditions are not easily interpretable but, nevertheless,
prove very useful: we use them in the n = 2 and 3 cases (and they could potentially be used in
other cases) to identify environments, mainly restrictions on the distribution of valuations, where
bundling is indeed the revenue-maximizing institution.

Our approach is loosely based on the methodology we employed in [6]. Consider any specific
trading institution. To such an institution corresponds an incentive compatible and individually
rational direct mechanism. The direct mechanism is a solution to the seller’s linear program if
there is a feasible solution to the dual program such that dual and primal programs have the same
value. We identify environments in which the proposed mechanism solves the primal program by
constructing the relevant dual variables. The described approach could be applied, in principle,
to any trading institution. We focus on price schedules (or bundling) because we believe they are
simple, easily implemented institutions, and are natural extensions of the optimal mechanism in
the one good case. Price schedules offer, in addition, a technical advantage: since the (sequentially

I See for example, [11,15].

2 Preston McAfee et al. [9] show that posting prices both for individual goods and for bundles typically strictly dominates
in terms of revenue the posting of prices for only the individual goods.

3As part of a 1988 piece, Preston McAfee and McMillan [8] describe an environment with n = 2 in which bundling
is optimal. Our example shows that their claim is not accurate. A related counterexample was discovered independently
and simultaneously by Thanassoulis [16].
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rational) behavior of a buyer choosing among price—bundle pairs is straightforward, the implicit
direct mechanism is immediate.

This paper is a contribution to the research on multidimensional mechanism design. McAfee and
McMillan [8] examined the question of when deterministic mechanisms, i.e., mechanisms where
the assignment is not random, are optimal in cases of multidimensional uncertainty. Armstrong
[1] showed that under optimal mechanisms there is a set (of positive measure) of buyer types who
never trade. Rochet [13] and Rochet and Choné [14] extended both of these papers and show that
optimal mechanisms typically require ‘bunching’ (even in the case where goods are divisible).
Bunching implies that buyer types virtually always pool into a set of positive measure of other
buyer types. Rochet [13] also offers an example of discretely distributed buyer types in which
deterministic mechanisms are suboptimal.

Our work contributes to the literature on bundling as a form of second degree price discrim-
ination, and might also shed some light on a related problem. When n = 1, the optimal take-
it-or-leave-it price in the seller’s problem corresponds to the optimal reserve price in a standard
auction with m buyers in an independent private values environment. In addition such auctions
are optimal over the class of all IC and IR mechanisms.* Similarly, the optimal price schedule
might play a role in the auctioning of » indivisible goods to m buyers.

The outline of the paper is as follows. In Section 2, the model and some notation is introduced.
Section 3 provides some preliminary results that describe how buyer types self-select in response
to price schedules. In Section 4, we provide necessary conditions for the optimality of a price
schedule within the class of all price schedules. In Section 5, we provide a two-good example where
the expected revenue generated by an optimal price schedule is strictly lower than that generated
by another, more complicated mechanism. This leads to the question: under what conditions are
price schedules optimal over all incentive compatible and individually rational mechanisms? In
Section 6 we obtain sufficient conditions for the optimality of the price schedule within the class of
all IC and IR mechanisms and show that they can be expressed as a pair of functional inequalities.
In Section 7, we apply the results in Section 6 to the n = 2 and 3 cases.

2. Notation and preliminaries

A seller with n different objects attempts to maximize expected revenue by trading with a single
buyer (that is, we assume zero marginal costs). The buyer’s preferences over consumption and
money transfers are given by

Ux,q,t)=x-q —t,

where x is the vector of buyer’s valuations, ¢ is the quantity consumed of each good, and ¢ is
the monetary transfer made to the seller. Since the buyer has demand for at most one unit of
each good, the vector ¢ is an element of {0, 1}"*; x is assumed for simplicity to be in /" where
I =1[0,1],and ¢ is in R.

Index the n goods by i = 1, ..., n and let N represent the set of all available goods. Given a
vector x in R", x; represents its ith component, x_; the remaining components, and (y, x_;) the
vector where the ith component is y and the other components are x_;. Similarly, for J C N, J¢
denotes the bundle N \ J, x; denotes the |J|-dimensional vector with components in J, I/ the
| J|-cartesian product of 7, and we may write (x;, x yc) when convenient. Similar notation will be
applied to other objects.

4 See [11], for example.
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The seller does not observe the buyer’s valuation—the buyer’s private information—but it is
common knowledge that valuation x is distributed according to a prior density function f(x).
Assumption 1 is maintained throughout.

Assumption 1. The density f(x) is a continuously differentiable, strictly positive function in /”.

Additional requirements on f will be imposed at different points in our analysis. We list the
requirements here for future reference.

Assumption 2. The density f(x) satisfies
@ fe =T, fita),

b )
®) Vive, f(x)+xi %20.

Xi

Assumption 2a states that the buyer’s valuations for the n goods are independently distributed.
When Assumption 2a is invoked, it will be convenient to use the notation fl.’ (x;) =dfi(xi)/dx;.

Given a function f(x), V f(x) denotes the gradient of f evaluated at x. Note that Assumption
2bimplies (n+1) f (x)+x-V f(x) >0, which is an assumption invoked by McAfee and McMillan
[8]. In the case where n = 1, the restriction implies that the ‘virtual valuation function’, x — l}fx ()x )
crosses zero only once. This implies the uniqueness of the optimal take-it-or-leave-it price in that
case and is an alternative assumption to the monotone hazard condition that is sometimes invoked.

In searching for an optimal mechanism, one may restrict attention to direct revelation mech-
anisms where buyers report their types truthfully. A direct revelation mechanism is a pair of
functions

p: 1" — I",
t: 1" — R,

where p; (x), the ith component of p(x), is the probability that the buyer will obtain good i when
his valuation is x, and 7 (x) is the transfer made by the buyer to the seller when valuations are x.> In
addition, the buyer must have adequate incentives to reveal his information truthfully—incentive
compatibility (IC)—and to participate in the mechanism voluntarily—individual rationality (IR).
The buyer’s expected payoff under the mechanism (p, t) when the buyer has valuation x and
reports x” is p(x) - x — t(x’). The equilibrium expected utility of a buyer of type x is denoted
7(x). Then, (p, t) must satisfy6

(IC)  Vx,nx)=pkx)-x —t(x)) Va/,
(IR) Vx,n(x)>=0.

We informally describe some readily available properties of IC and IR mechanisms—well
known in one-dimensional problems—that have been noted and used in the literature in higher
dimensional environments (see [12,1,3,5,7]). Graphically, a mechanism is IC if and only if the
corresponding buyer’s payoffs 7(x) are convex, with partial derivatives 0n(x)/0x; between zero

5 In order to compute expected payoffs, the functions p and ¢ must be integrable.

6 As stated, the constraints hold everywhere; it suffices that they hold almost everywhere in x and everywhere in x.
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and one. Furthermore, dn(x)/0dx; represents the probability that the buyer of type x receives good
i in equilibrium.

The preceding discussion completely characterizes IC mechanisms in terms of the buyer’s
expected-payoff function n(x). Individual rationality requires in addition that 7 be non-negative.
Define

C= {n : I" — Ry | n(x) is increasing and convex} .

Thus, 7 is an incentive compatible, individually rational mechanism if and only if 7 belongs to
C and Vr(x) € I" almost everywhere (since the ith component of the gradient is the probability
that good i is traded).

Given any n € C, a buyer with type x receives a payoff n(x) = Vn(x) - x — #(x). Therefore,
the seller’s expected revenue when using the mechanism 7n(-) is

El1(x0)] = /, VG - x — 7] () d.

Given Assumption 1, we can apply integration by parts (as done in [8]) or the divergence theorem
(as done in [14]) to obtain a representation of the seller’s expected revenue in terms of n(-) alone:

Bl = [ #(lx s dey
i=1
- [ 4 D7 +x - VWl M

The seller’s expected revenue is a linear functional of the mechanism © employed in the trans-
action; we denote the linear functional by 7', and the expected revenue of using the mechanism 7«
by (m, T). The seller’s problem is to maximize expected revenue over all IC and IR mechanisms:

maxzec,vr<1(m, T). (2)

When there is only one good, maximum seller’s revenue can be achieved with a mechanism
that, depending on the buyer’s reported valuation, either assigns the object for certain (i.e., with
probability one), or not at all (i.e., with probability zero). Posting the good’s price implements this
mechanism; the potential buyer acquires the good if his/her valuation exceeds the posted price.
With many goods there are additional issues to consider. The seller can post a price not only for
each good but also for each combination of goods, i.e., for each bundle.

Definition 1. A bundle of goods is a set / C N.”7 A bundle J can also be represented by an

n-dimensional vector of zeros and ones, a’ = (a{ , azj e a,{ ) where aij takes the value 1 if
i € J and the value O otherwise.

Both representations of a given bundle are used in the paper.

Casual observation suggests that indeed sellers frequently set prices for different bundles leaving
consumers the choice of what bundle to purchase. It may be profitable for the seller to set a price
for a bundle that is higher than the sum of the prices of its components. In this case, the potential
buyer has an incentive to bypass the bundle price, and acquire the bundle by purchasing the
individual components.

7 Note that the expression, J C N includes the empty set.
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The above discussion prompts the following definition.

Definition 2. A price schedule is a collection of prices P = {P;};cn, one price per bundle;
potential buyers select the bundle they prefer and pay the quoted price for that bundle (i.e., buyers
cannot aggregate individual sub-bundles independently).

Given that IR must be satisfied, without loss of generality, for all price schedules, we set Py = 0.
Note that, as defined, price schedules are deterministic—purchasing bundle J implies obtaining
all goods in J with probability one. This restriction is significant. Section 5 provides an example
where deterministic price schedules are suboptimal.

Any price schedule P implicitly segments buyer types by grouping them according to the
bundles they choose to consume. Employing the notation in Definition 1, the utility of a buyer of
type x € I" who acquires the bundle J at price P; isa’ - x — Pj.

Definition 3. Given a price schedule P and a bundle J, the market segment acquiring bundle J
is

Aj={xel"|a’ - x—P;>aX x - Pk VK C N}.

Note that A is the intersection of /" with finitely many half spaces in R". If, given any two
bundles J and K, A; N Ag # ¥, then A; N Ag is a subset of the hyperplane {x | (a’/ —a¥)-x =
P; — Pk} and has Lebesgue measure zero in /”.

Fix a bundle J and its corresponding market segment A ;. For eachi € J,

B = (i e 1V | (1,x ) € Ay)

represents the intersection of A ; with the boundary of /™ along the coordinate x; = 1. If Ay has
positive measure in R", then B!, also has positive measure in R
For some results, we restrict attention to price schedules that satisfy a submodularity condition.

Definition 4. A price schedule P is submodular (SM) if

SM) VYJ,K CN, Pjuk<P;+ Px— Pjk.

If SM is not satisfied, then a type of arbitrage incentive is present. Suppose that a buyer was
allowed to buy and sell at the outstanding prices, P. If K and J overlap (that is, K N J # ()
and the condition is violated, a buyer could form bundle K U J more cheaply by buying K and
J separately and then selling back the duplicated goods in K N J.

We emphasize that we do not impose SM as a constraint on the type of mechanisms the seller
may use. (Such an imposition would correspond to mechanisms where the seller is unable to
monitor the bundle acquired by the buyer and would require modifying the seller’s program
considered in this essay.) In Section 4, it is shown that in some environments the optimal price
schedule must satisfy SM and we take advantage of the additional restrictions it implies. ®

A final restriction concerns price schedules such that all bundles are purchased with positive
probability.

8 Condition SM does not appear to hold generally in optimal bundling mechanisms; we can show computationally,
however, that in the case of independent and identically distributed valuations with F* (x;) = x7, n = 3 for 2 < 3, optimal
bundling mechanisms satisfy this condition. Computations suggest that SM is violated with o > 3.
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Definition 5. A price schedule P sells all bundles (ABS) if

(ABS) YJ #0, f(x)dx > 0.
Ay

The condition ABS is typically invoked for technical reasons as it allows us to ignore some
arguments that apply only on sets of zero measure.

3. Price schedules—some properties

We introduce here some technical observations, used in later sections in the proofs of our main
results.
The first lemma illustrates that B’ corresponds to the projection of A; on the boundary, / i

Lemma 1. Let P be any price schedule and {A ;j}jcn the corresponding market segments. For
JCN,ielJ,if(xi,x_;) € Ajthen (x,x_;) € Ay forall x| > x;. Fori ¢ J, if (x;, x_;) € Ay
then (x/,x_;) € Ay forall x| < x;.

Proof. In the Appendix.

The lemma implies that fori € J, if (x;, x—;) € Ay then (1, x_;) € A;. Conversely, if x_; is
such that x_; ¢ B’ then there does not exist any x; such that (x;, x_;) € Ay.

In general, the construction of the market segment A y requires the comparison of utility obtained
from purchasing J with the utility obtained from purchasing any other set K. The next lemma
shows that if the price schedule satisfies SM, the number of relevant comparisons is much smaller
since it implies that, for any J, we need only compare the purchase of J with any K such that
either K C J or J C K. The result also yields a type of independence of the set of valuations for
the goods outside of the set J from the valuations for the goods in J.

Lemma 2. Suppose the price schedule P satisfies SM and let {Aj}jcn be its corresponding
market segments. Then,

() x € Ay ifand only ifa’ - x — Py >a® - x — P forall K suchthat K C J or K O J.
(i) ForallK,J,K ¢ JandJ ¢ K, Ay N Ak has zero Lebesgue measure in R~
(iii) Define

A;Z{XJ eI’ | (xy,y) € Ay for some y},
Af:{y eI’ | (xs.y) € Ay, forsomex; € AT,
Di={zel’W|1,z) e A}} whereielJ.
Letx = (x7,xy¢) € Ay, x" = (X)), x.) € Aj. Then (x;, x;¢) € Aj. Thus,
(a) Ay :A; XA;CfOV] # N; and
(b) Bl =AY x D', for N # J # {i}.

Proof. In the Appendix.
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4. Necessary conditions for optimal price schedules

Suppose the seller—perhaps due to industry regulations, convenience, or practice—is con-
strained to choosing a price schedule in order to sell his wares. How is the price schedule deter-
mined? Theorem 1 identifies a necessary condition for a price schedule to maximize expected
revenue within this class. The remainder of the section offers some simple applications of the
result.

In Section 6 we use the results of this section to identify sufficient conditions for the optimality
of price schedules over all IC and IR mechanisms. In those environments the necessary conditions
found in this section become sufficient as well.

Theorem 1. Suppose f satisfies Assumption 1. Let P be a price schedule generating {Aj}jcn-
If P is optimal among all price schedules, then for all J # 0 such that fA, f(x)dx > 0, the
following equation must hold:

/ [(n+1)f(x)+x~Vf(x)]dx—Z/_ f,x_;)dx_; =0.
Ay B,

ieJ

Proof. ° We will state the seller’s revenue R(P) as a function of P and then compute the first
order conditions. A P such that P; = 0 for some J # {J cannot be optimal, since this would
imply that the seller gains zero on buyers who purchase J and can always do better by charging
a slightly higher price (see [1] for a fuller discussion).

For a given price schedule, P, the utility of a buyer of type x is given by maxg -y {aX -x — Px}.
Thus, the revenue function is given by (utilizing the representation in Eq. (1))

R(P)= ;/I“ max(aX - (1x-) = PR} f(Lxp) de

-, ?gz{aK cx — Pyl 4+ D f(x) +x-Vfix)]dx.

For any set B C R", let B? be its interior and 8B its boundary.
Note that

— max{aX . x — Px} =

—1 ifx e (A))°
0Pj KCN 0

ifx ¢ Ay.

The derivative may be undefined on 6(A;) N (1 )0 but since this set has measure zero in 1",
and f is a density, we ignore this component in what follows.

The assumption that the measure of A is strictly positive implies that BS has positive measure
inR*'anda’ - (1,x_;) — P; > 0,x_; € B),. Therefore,

1 ifx_; e (B)",

0 K -
ap; max{a™ - (1,x-) — Pk} = {0 if x i ¢ BY

aP] KCN

and, again, is undefined on the (R"~!) measure zero boundary. Since these derivatives con-
verge almost everywhere to a bounded, integrable function, we can apply the Lebesgue Bounded

9 The present proof, suggested by Jean-Charles Rochet, is much simpler than our original proof.
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Convergence Theorem [4, pp. 303—-305] to take the derivative of R(P) inside the integral and
obtain the first order condition so the optimal selection of P; must satisfy

OZ_Z/H, f(11 x_i)l(l,x_,')EAJ d)C_,'
Il(,

ieJ

4 [ 0+ D700+ e, d
I
Since 1(1,x_;)ea, = l'ifandonly if x_; € B, the conclusion follows. [

Theorem 1 states, for any market segment A; (determined by an optimal price schedule P),
the integral of (n 4+ 1) f(x) + V f(x) - x on the interior of A; must equal the integral of f(x)
restricted to the intersection of Ay with the ‘outside boundary’ of the set 1”.

When there is only one good, it is well known that the optimal price P must be a zero of the

buyer’s ‘virtual valuation’ function x — l}ﬁc()x ) [10]. Theorem 1 generalizes this property. To see

this, note that for n = 1, the condition in Theorem 1 becomes

1
0= /P 2f) +xf'(0)}dx = f(1) = ={Pf(P) — (1 = F(P))}.

We conclude the section with some applications of Theorem 1. The first order condition yielded
by Theorem 1 provides an insight about how to compute the optimal price schedule when the
prior density f is the uniform. In this case, f/ = 0. If the optimal price schedule satisfies SM,
Lemma 2(iii) implies that

Ay = [Py, 11 x B

Thus, the necessary condition determining the price of good i, call it Py;}, can be expressed as

1
Ozf 1—/ (n+1)dx;  dx—;.
B} Piiy

Solving this equation yields that the optimal price schedule (when f represents the uniform
distribution) includes single good prices given by

n

Py = .
{i} n+ 1

The next theorem shows that there exists a price schedule P, optimal among price schedules,
that satisfies SM.

Theorem 2. Suppose f satisfies Assumptions 1 and 2. Letn = 2. If P satisfies ABS and is optimal
among price schedules then P satisfies SM.

Proof. Suppose Py > Pi1y + Pz;. Applying the definition of A, (recalling n = 2) yields

Ay ={x|x; 2Py — Pj, j #1i},
Aqy = {x|xa < Py — Ppyy, x1 2 max{ Py, Py — Py + x2}}.
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Applying Theorem 1 to the set J/ = N yields,

! 1
0= |:/P S22 fr(Ddx +f fi (x1)f2(1)dx1:|

N— P Py—Pp)
2 i f/) 3
_/ [; ) + 5] J1(x1) fa(x2)dxidxy
! xlf/(x,) 3
_Z/PN P S-i(x=i) {fl(l)_/l;N . |: ) §i|f,‘(xi)dxi}dx_i.

Therefore, at least one element of the sum is non-positive. Suppose it is the element i = 1.
Assumptions 1 and 2 imply x; fi/(xi) + %fi(x,-) > 0, i =1, 2. Therefore, forall z < Py — Py,

fl(l)—/ [x.‘ffé(f)‘) Z}fl(xl)dx1<0 3)

Applying Theorem 1 to Ay}, then yields
Py—Pyyy
o= [ ne
0

! 3
X{fl(l)_/ |:X1f1/(x1)+§f1(X1)}dX1}dX2
max{P Py — +X2}
Py—Py 3
/ / Sfi(xr) |:x2f2/(x2) + Efz(m)} dx1 dx
max{ P 21 +x2}
Py—Py 1 , 3
< / f2(x2) :fl(l) —/ |:x1f1(xl) + zfl(m)} dxi } dxs
0 max{ Py, Pi1y—Py+x2}
< 0.

The first inequality follows from Assumption 2b. The second inequality from the fact that Py >
Py + Ppy implies max{ Py, Pj1y — Py + x2} < Py — P for xo < Py — Py1y and applying
(3). A contradiction. [

5. An example where price schedules are suboptimal

The following example illustrates that every price schedule may be dominated in terms of
expected revenue by a mechanism involving random assignments. '

Let f(x) be a constant on the region above the line joining the points (0, 1) and (1, 0.5) and
zero elsewhere. Note that f(x) is (weakly) increasing on the unit square and V f(x) = 0 almost
everywhere, so the McAfee and McMillan condition [8] is satisfied almost everywhere and a
continuous approximation to this density would satisfy the condition everywhere. Note that a
separate price for good 1 is never optimal if it is such that the line x; = Pjy) intersects the line
X1 + xo = Py below the line 0.5x; + xo = 1 since it must be strictly less than 1 and, in this
case, will only draw buyers away from the more profitable bundle priced at Py . If the intersection

10 preston McAfee and McMillan [8] claim thatif n = 2 and if 3 f (x) + V f (x) - x >0, then a price schedule maximizes
expected revenue within the class of all IC and IR mechanisms. Our example indicates that their claim is not correct.
Thanassoulis [16] independently discovered a related example.
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Y

2(1 =Py 2(Py—1) 1
B Py- Py
X

Fig. 1. Price schedules can be dominated.

is above this line, it is conceivable that a price for good one below 2(Py — 1) could add more
sales but, intuitively, it would have to be significantly below to add much and the costs from
lost bundle sales are correspondingly large. For conciseness, we restrict attention here to two-
price mechanisms. A formal analysis which shows that three price mechanisms are not optimal
is provided in the Appendix.

A two-price schedule in this framework consists of the prices (Pjp), Py) where P(y) is the price
for good 2, and Py is the price for the bundle. A typical two-price schedule is represented in
Fig. 1. Buyer types who buy good 2 alone are in the set Ajz). Types who buy the bundle are in
Ay . The triangle below these regions represents types who do not trade. Note that as the figure is
constructed, it is assumed both that Pjp); < 1 and that the intersection of the lines x; = Py and
xp = Py — x1 lies in the support of buyer types. The former fact is shown below, the latter is true
since if the intersection were below, the alternative randomized mechanism illustrated below is
easily shown to dominate this mechanism.

Computing the area of a quadrilateral with two parallel sides, the probability mass of Ay is
given by !

/ dx = (1 — Pp))(Py — 1.
Ap

' To be probability density functions, all integrals should be multiplied by a factor of 4. For conciseness, the computations
presented here ignore this inessential normalization.
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The probability mass of Ay is given by
1
/ dx = 3 [(PN + Ppy —2)(Py — Ppy) + (3 —2PN)(Py — 1/2)] .
AN

Expected revenues froma given Pyp}, Py are Pjp} [ Apy dx+Py [ 4 @x.Using the above equations
and differentiating with respect to Pjy; yields a value that is strictly negative at Ppp; = 1 (unless
Py = 1 which is easily shown to be dominated) and the optimal Py as a function of Py is
given by

Pay = 2Py — 1)/(3Py —2).

Substituting this value for P into the expected revenue function and maximizing over Py gives
via Mathematica, 13N = 1.26, f’{g} = 0.85 with expected revenues 1.16.

Suppose that instead of the price schedule, a buyer is offered the bundle at price Py =1.260r
a stochastic bundle at price equal to 1 which consists of good two with probability one and good
one with probability one-half. This mechanism can also be seen in Fig. 1. Observe that if a buyer
type (x1, x2) is indifferent between the two choices, then xo + x; — Py = x + 0.5x1 — 1,s0a
buyer of type (x, xé), xé > X, is also indifferent. Therefore, the set of buyers who choose the
full bundle is given by the region above the bottom of the support and to the right of the dotted
line. The remaining region represents buyers who choose the random bundle.

The probability mass of these regions are given by (3 — 2Py)(Py — 1/2)/2 for buyer types
who get the full bundle and (Py — 1)2 for those who buy the random bundle. Therefore, profits
from this mechanism are

(Py — 1)? + (3= 2Py)(2Py — D Py.

Evaluated at Py = 1.26, i.e., the optimal two-price schedule, the expression above indicates
profits of 1.19, higher than those obtained with the two-price schedule. Optimizing within this
class of random mechanisms improves profits slightly to 1.192 and yields a bundle price of 1.28.
Notice that this random mechanism is more efficient than the optimal price schedule because the
latter never sells good 1 unless it is sold as part of the full bundle. The random mechanism offers
at least a chance at good one. This increased efficiency also raises seller revenues. 12

Compared to price schedules, random mechanisms may be very complicated to compute and
difficult to implement. It is therefore of great interest to understand when attention can be restricted
to price schedules. This is the subject of the following sections.

6. Revenue-maximizing price schedules

‘We now identify environments where a price schedule is the optimal mechanism within the class
of all IC and IR mechanisms. We find conditions under which a price schedule is the solution to the
optimization problem in (2). To that effect we use the following lemma. The lemma resembles a
duality result from linear programming. Therefore, we use in its statement the abbreviations CSD,

12 por computational ease, the density in the example is only continuously differentiable in a strict subset of the unit
square with Lebesgue measure one. By continuity of expected revenue with respect to measures, there are continuously
differentiable densities that yield similar results.
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CSP, FD, and NN, that stand for complementary slackness in the dual, complementary slackness
in the primal, feasibility of the dual, and the non-negativity of the dual operator, respectively. '3

Lemma 3. Let 1 € C, V< 1. Suppose there exists a linear functional » on C such that

(CSD) (7, T —w) =0,

(CSP) (1-x—17,w)=0,

(FD) (n,T —w)<0 VmeC,

(NN) (d1-x—7mw>0 VieC, Va<l.

Then Tt € argmaxgec, vr<1(n, T).

Proof. Using the four hypotheses, it follows that

(n,T) =(1-x, )
l-x,0)+{(n, T —w) VmeC
T, ) (1-x—mw) VieC

(
2
=
(n, T) VmeC, Vr<l.

WV

The first line comes from CSP and CSD, the second line from FD, the third line from linearity,
and the last line from NN. [

Let P be the revenue-maximizing price schedule within the class of such schedules. Suppose
in addition that P satisfies SM and ABS. Let {A;};cn be the corresponding market segments,
and 7t(x) be the expected utility of a buyer of type x in this mechanism.

Theorem 3 essentially shows that under certain conditions on the density f, P is globally
optimal if FD and NN in Lemma 3 hold. After stating and proving Theorem 3, we discuss the
case n = 1, and then offer an alternative representation of one of the theorem’s conditions, later
used in the applications.

We begin with some useful definitions. Suppose Assumptions 1 and 2 hold. The sets A, Af,

DiJ are defined in Lemma 2. Define K = 0 and, for any bundle J # N, let

fAf Zi¢l XIff((x)l Hk¢] S (xp) dx ge

fAj" Hk¢j Je(xx) dx ge

K;= “

Since A has positive measure, K ; is well-defined. Define the functions #; : A; — Rbyty =0,
and

(-xl)
rf(xj>—n+1+; f[(x[) +Kj. 5)

13 The duality theorem from linear programming yields both necessary and sufficient conditions. Our statement offers
only sufficient conditions because we do not possess a complete characterization of the adjoint of the linear functional
that corresponds to the constraint, Vo< 1.
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Note that by definition of ¢y and (1), the objective function (w, T') can be expressed as
n
(n, T) = Z/ 1 (1, x—) f(1,x—)dx—; — / m(x)tn (x) f(x)dx, (6)
i=1 71" "
and that when P satisfies SM and x € A, Assumption 2 and Lemma 2 imply
IJ(XJ)/ S dxge =/ LN f(x) dxge. @)
A3 A3

Assumption 2 implies 7y (-) > 0; therefore #;(-) >0 for all J.
Before stating Theorem 3, two additional assumptions are necessary:

Assumption 3. Fixadensity f and a price schedule P.Let{A;}and {B ’J } be the market segments
and their boundaries corresponding to P and let {¢;} be the functions defined using (4) and (5). 14
Then,

VrneC,Vr<l,

Z {Z/};l [1 (1, x—p) —n(l,x,i)] F(, x_i)dx_
J

JCN UieJ

- [1-x— n(x)]tj(m)f(x)dx} =0.

Ay

Assumption 4. Fix a density f and a price schedule P. Let {A j} be the market segments corre-
sponding to P and let {z;} be the functions defined using (4) and (5). Then,

veec, Y [ awin - wlfedso.
J

JCN

Assumptions 1 and 2 do not imply NN and FD in general, however, the next section identifies
environments where, given Assumptions 1 and 2, there exists a price schedule P, optimal among
all price schedules, that satisfies SM, ABS and Assumptions 3 and 4. It will then follow from
Lemma 3 that P maximizes expected revenue over all IC and IR mechanisms. Assumptions 3 and
4 serve the role of ensuring that conditions NN and FD respectively are satisfied more generally.
They are by no means transparent. Their role, here, is mainly to illustrate that the problem of
checking the optimality of price schedules can be distilled to checking these conditions. We defer
discussion of the assumptions until after the theorem.

Theorem 3. Let the density f satisfy Assumptions 1 and 2. Suppose P is optimal among all price
schedules and satisfies SM and ABS.

1. Then, there exists a linear functional w such that conditions CSP and CSD hold.
2. If in addition Assumptions 3 and 4 hold at the optimal P, w satisfies conditions FD and NN .

14 Note that all these objects depend on P. Note as well that Assumptions 3 and 4 require the inequalities to hold for a
wide class of functions, 7, not just the candidate optimal 7.
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Proof. The proof proceeds by defining a candidate linear functional and then showing that,
under the hypotheses of the theorem, all four conditions of Lemma 3 are satisfied where 71(x) =
maxycy(a’ - x — Py) is the equilibrium utility of a buyer of type x offered a price schedule
P. Throughout, the market segments, {A;}, the boundaries, {Bg}, and the functions, {f;}, are
determined by P.

We first prove an intermediate result that follows from Theorem 1. At the optimal P, for any
JCN,

OZZ/;}’ f(lvx—i)dx—i _/AJ AJ” tN(X)f(X)dXJc'dXJ
J J J

ieJ
> [ [ Theoswde~ [ | wenswds
ics AT DYy s AjJAY

Z/AJC ka(xk)dXJc Z /Di 1_[ fk(.Xk)fi(l)de/i

J k¢J ieJ J keld k#i

- /AJtJ(xnl'[ £ dag

J jedJ

The first equality follows from Theorem 1 and (6). The second equality follows from Lemma 2,
independence, and (7). The final equality collects the terms in k ¢ J. ABS implies that the first
term is strictly positive. The case for J = {i} follows identically noting that B}, = Af. Therefore,

VI #ED, 0= fi(D) f [T ficcpdsy —fJ uGp ] ficpdxs, @)
icl Dy jey,ji Ay jeJ
where it is to be understood that fD;] ]_[jej’j;éi fitxp)dxy;; =1if J = {i}.

We now prove the theorem. The following expression defines the linear function . For any
continuous function 7 : I — R,

()= {Z[fin(l,x_i)fa,x_;)dx_i}—ﬂ n(X)tJ(XJ)f(X)dx}. ©)
J

JCN \ieJ J

To show CSP, x € A, implies that 1 - x — t(x) = a’’ - x + P;. This implies that forx € Ay,
1 - x — 7w(x) does not vary with x; and, in particular, 1 - (1, x—;) — (l,x—;) = 1 - x — 7(x).
Therefore, applying the definition in (9)

(1. x—7, 0= Z /Aﬂ(ajc -x+PJ)l_[ fi(xj)dxge
J

JCN 2

x Zﬁ(l)/Di [T fiapdusy

iel Jjeld.j#i

_/,tl(xj)l_[ filxj)dxy
Ay jed
=0.
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The first equality exploits Assumption 2a and Lemma 2(iii). The second equality applies Eq. (8).

To prove CSD, we show first that, for any i, I 7 and U Jiel B are equivalent. Note that ABS
implies Py;; < 1. Therefore, (1, x_;) ¢ Ay for any i. Suppose there exists i and x_; such that
X_j ¢ B; for any J containing i. Then there isa K # (J,i ¢ K such that

a® (1, x_) = Pg > a® (1, x2) — Prugy.
But this implies
Pxugy > 1+ Pg > Pk + Py
which violates SM. Thus I} = U, ;c; BY. Noting that Ujey Uy iy B} = U ey Uiey B yields

Z/ . (L, x_) f(1,x_))dx_; = ZZ/ (1, x_) £ (1, x_1) dx_;.

JCN ieJ

Therefore, using this expression in the definition of (r, w), we have (using (6))

(n, T — w) Z / () [ty (x) — 17 (x )] f (x) dxyedxy. (10)
JCN
Since x € Ay implies that 7(x) = a”’
implies 7(x) = 0, (10) becomes

- > f n(x){ / MCIOR tJ(XJ)]f(X)dev}dXJZO.

JCN,J#D

- x — Py which does not vary with x;,i € J¢, and x € Ay

The equality follows using (7), SM and Assumption 2a.

FD follows immediately from Assumption 4 since this implies Expression (10) is non-positive
forallm e C.

The definition of w implies (1 - x — 7, ®) is the same as the left side of the inequality in
Assumption 3. Thus Assumption 3 implies NN is satisfied. [

Consider briefly the content of Theorem 3 in the special case of one good, i.e., n = 1. As-
sumption 4 is trivially satisfied because the only case to consider is / = N = {1}. Let P solve

0=p—1 ff Iﬁf ) The left side of the inequality in Assumption 3 can be written as

1
(I == f(1) - /P [x — m(0)] v (x) f (x) dx

1 _
:/P[I—Vn(x)][x— 7o) :|f(x)dx

by noting that y (x) f (x) = 2f(x) +xf'(x) = I5 {xf(x) — (1 — F(x))} and integrating by parts.
Assumption 2 implies that {x — I=FW)y s positive for all x > P so the integrand is positive over
the region of integration for all 1 € C, Vi< 1. Thus Assumption 3 is satisfied as well. When
n = 1, both SM and the independence of f are trivially satisfied and thus Assumptions 1 and

2 are sufficient to conclude the optimality of a price schedule. Theorem 3, therefore, specializes
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although in a somewhat weaker form (because it requires Assumption 2b), the known result for
n = 1. Assumption 2b remains useful even for n = 1 because it implies that the requirement
that the buyer expected utility function be convex, does not bind at the optimal solution. (Recall

that © € C implies 7 is convex.) If Assumption 2b failed, so that x — l_fl(i ()x ) becomes positive

and then negative, setting 1 — Vr(x) = 0 when it turns negative would satisfy Assumption 3 but
would violate convexity. For the one-good case, without Assumption 2b, the solution involves
the ‘ironing’ approach on 7y (x) to eliminate the double-crossing. (See, for example, [14]) We
conjecture that Assumption 2b plays a similar role in the general n-good case.

Assumptions 3 and 4 are only indirectly assumptions on the primitives of the environment
(the f;s) since, in principle, testing whether they hold requires determining the optimal price
schedule for the given f;s and then checking the conditions on the resulting market segments. The
usefulness of Theorem 3, thus, relies to a large extent on the feasibility of verifying Assumptions 3
and 4. Admittedly, the assumptions do not possess a simple economic interpretation. However,
the conditions are implied by a more familiar mathematical property. Inspection of Assumption 4
reveals that it is a type of covariance condition. Once the market segments have been constructed,
if every feasible mechanism, m covaries positively with ¢ty — ¢; over A for all subsets J, then
FD in Lemma 3 is satisfied. For some families of distributions, this feature follows readily. For
example, if F'(x;) = x7, then

tyixj))=n+1+n(a—1) VJ

soty —ty = 0, and the condition follows directly. In other circumstances, more knowledge about
the behavior of 7y — ¢; and the structure of the market segments will be required. Theorem 4
below offers an example of such an application.

We conclude this section with a lemma and corollary that play the role analogous to integra-
tion by parts in the one-dimensional case. Under Assumption 2b, these results offer a second
covariance condition that implies Assumption 3. The next section uses the new condition to verify
Assumption 3 in two different environments.

Forx € Ay,i € J, define

1

Th(xi, x—;) =f(1,x_,->—/ th(v, xy/0) f (v, x_i) dv (11)

Xi
for some
o . )
A S R, 1h(x)) 20, Zr',(x,)=z,(x,).
iel

Setting t} =ty for some i € J, and t]J‘ = 0 for k # i, k € J illustrates that there always exists
a collection of tg ’s that satisfy the conditions in the definition. By construction and Assumption
2b, T} (x;i, x_;) is increasing in x; and T}(l, x_i) = f(,x_;).

By Lemma 1, we can define the functions x; : I"~! — R by

xi(x—;) =min{x; | (x;, x—;) € Ujcn,icsAs} (12)

Lemma 4. Let Assumptions 1 and 2 hold. Suppose P is a price schedule satisfying SM and ABS
and let {T", t’J} be a collection of functions satisfying (11) and let x; (x_;) be defined as in (12).
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Then,
1
O meoy=) > / | { / [n(1, x_1) — m()]t) (x,) £ (x) dx;
Jcn ieg VB Wxitp)
+ m(l, x-) Ty (xi (x-0), x_l-)} dx—;.
If, in addition, P is optimal among price schedules, .
() 0=3";cs ng Ti(xi(xy/ivXge), X700 xge)dx i, ¥VJ C N, xye € AY; and
(i) T} (xi(x—i), x—i) =0, VJ = {i}, Vx_; € B

Proof. In the Appendix.

The following Corollary, based on Lemma 4(i), is useful to verify that Assumption 3 holds. It
requires that the functions 7 (x;(-), -) covary positively with any increasing function over BY;.

Corollary 1. Let Assumptions 1 and 2 hold. Suppose P satisfies SM and ABS. Let {T}, tj} be a
collection of functions satisfying (11), and let x; (x_;) be defined as in (12). If for all J C N, for
alli € J, forallm: I""' — Ry, n increasing,

/ ()T (xi (x), x) dx >0,
B
then Assumption 3 is satisfied.

Proof. If = € C, V<1, then, for all x € I", convexity implies
L-(1,x—;) —n(l,x—;) — (1 -x —7w(x)) >0.

Since 7 (x ) >0 by Assumption 2, applying Lemma 4(i) gives

(lx—mo)> ) ) /_<1~(1,x_,-> = (L x_)) T (i (i), x-)} .
BI

JCN ieJ J

Butn € C, Va1, implies 1 - (1, x_;) — n(1, x_;) is increasing so the conclusion follows. [
Note that Lemma 4(iii), under the hypotheses of Theorem 3, implies that for J = {i}

/ (o) Th(xi(x—), x—;)dx_; =0 V.
By
Therefore, we only need to check the hypothesis of Corollary 1 for J, |J| > 1. Of course, in the
case n = 1, the only relevant bundle has cardinality one, so Assumption 3 follows directly from
Assumptions 1 and 2.

The next section illustrates the usefulness of Theorem 3 by constructing the functions {Tji, tj}
so that the hypothesis of Corollary 1 is satisfied.

7. Applications

Although the features of revenue-maximizing mechanisms are well-understood in the one-good
case, far less is known in the very simple generalization to multiple goods. In this section, we
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use Theorem 3 to identify environments in which price schedules are optimal over all IC and
IR mechanisms. We first provide simple sufficient conditions for the optimality of posted price
mechanism in a general class of two-good models. Then we study a more specialized case for
n = 3 with a uniform distribution of valuations.

Corollary 1 illustrates that Assumptions 3 and 4 can be confirmed by checking whether certain
functions covary positively with increasing functions over the market segments or projections of
the market sections. There exist a variety of results that inform us when two functions covary
positively. For example, if a function g : [a, b] — R integrates to zero and crosses zero once then
the integral of the product of g with any increasing, positive function can be signed. This fact is
used frequently in this section to prove that the covariance conditions are satisfied.

Theorem 4. Let N = {1, 2}, (n = 2) and let f satisfy Assumptions 1 and 2. Suppose X}{’()(j)') ]
increasing fori = 1, 2. If P is optimal among price schedules and satisfies ABS, then it is optimal
over all IR and IC mechanisms.

Proof. By Theorem 2, P satisfies SM. Fig. 2 illustrates the typical form of Ay and B; given SM:

Agy ={(xi, x_i) | x_i <Py — Py, xi = Py,

Ay ={x | x2> Py — Py, x1 > max{Py — P}, Py — x2}},
Bl ={x_; | x_; € [0, Py — P},

By ={x_i | x_i € [Py — P, 11}.

We first verify that Assumption 4 holds by showing each component in the summation is
non-negative. This follows trivially for / = @ and J = N. For J = {1}, say, SM implies

/A R (i () — 17 ()} () dx

{1}
1 Py— Py x2f2/(x2) :|
= —=—— K d
/P“)/(; ) |: J2(x2) | fx)dx

1 Py—Pyyy
> / {/ n(x) f2(x2) dx2
Py 0

Py—Pyy xzfz/(xz)
< ey o | aoas
=0.

The first equality follows by definition of Ay and ¢, the inequality follows because m and

xsz é};;) — K1y are both increasing in x; and, so, covary positively. The final equality follows by

definition of K{j;. A similar argument holds for J = {2}.

We now verify Assumption 3. We do so by defining the tj ’s required by Corollary 1. Lemma 4
and Corollary 1 imply we need to check the result only for / = N. Lemma 5 shows that
the proposed definition satisfies the conditions of (11). The spirit of the definitions can be
seen in Fig. 2.
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#1(8)
1 : 1
Ao 3 = thE An
v
=0 th 1% =ty
Py
. - Pn —#1(B)
B) t}\,:tN, - 22(8)
3, =0
v Py — Ppyy
Aoy Apy
Pv — Py Py 1
1
Fig. 2. Construction of IIiV for Theorem 4.
Define
1 /
. vf! (v) .
w@h=hw- [ [ 3/ (—1>’ﬁ] fiw) dv. (13)
z i

Assumption 2 and § € (—1/2,1/2) imply that w' is strictly increasing in z. Since w'(1; f) >
0 > w'(0; p), x; (P) can be uniquely defined implicitly by

w' (% (B); p) = 0. (14)

The next lemma characterizes the decomposition of ¢, that is used to apply Corollary 1. The
proof is in the Appendix.

Lemma 5. For ff € (—1/2,1/2), define x;(§) by (14) and define t}'\,(x; p) by
s B =tn (),  x_i <E_i(P),
LA ONEY SR SN S WSS 473
Si(xi)
=0, x<X(p).

There exists (B, B) C (—1/2,1/2) such thatforall f € (B, p). ty (x: B) is definedforx € Ay (ae),
t]"\,(x; B) =0, and t}v(x; b + tjz\,(x; p) =ty (x) for x € Ay (ae).

Thus, the conditions in (11) are satisfied and TI{, (x; P) is defined as in (11) using tj"\,(~; p). We
prove that Assumption 3 is satisfied by showing the existence of a f such that the hypothesis of
Corollary 1 holds for T (x; f8).
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Part (i) of the next lemma confirms a single-crossing property and Part (ii) shows how to address
the potential asymmetries of the f;s. The proof is in the Appendix.

Lemma 6. Fori=1,2,

(i) T (xi(x—), x—i5 <0, x_; <E_i(p),
T (i (x—i), x5 f) =0,  x_; =% (B),

1

3p € (B, p) such that / T]{,(x,- (x—),x—i; prdx_; = 0.
B Py—Pyj)

(ii)

Thus, selecting a f§ satisfying Lemma 6(ii), for any increasing, positive 7,

1
/ n(x1, DTE(x1, x2(x1); B) dx
Pn—Ppy

1

1B
=[ m(xi, 1)T£(x1,xz(x1);ﬂ)dx1+/ n(x1, DTy (x1, x2(x1); f) dxy
Py—Ppy x1(p)
1

>n(x1(B), 1) TR (x1, x2(x1); B) dx
Py—Ppy

=0.

The inequality follows from the single-crossing property of T]% (x1, x2(x1); f) in xp
(Lemma 6(i)) and the monotonicity and non-negativity of m. The equality follows from
Lemma 6(ii). A similar argument follows for TAII. Applying Corollary 1 and Theorem 3, the
conclusion follows. [J

The assumption that xifi ) is increasing is unusual, and appears to arise specifically because of
the multidimensional character of the problem. As far as we know, it is not a commonly imposed
restriction. The conditions are strong but not empty. The class of distributions, Hl’.‘zlxl.“ 1o >0,
and the class of distributions, KII?_, (e** — 1), o; >0, K > 0, both satisfy this condition and

Assumption 2. 13

Remark. Note that the program in Theorem 1, selecting an optimal price schedule among all such
schedules, is typically not concave. Thus, in general the necessary conditions obtained need not be

sufficient. Since Theorem 4 solves an optimization problem over a larger feasible set, it illustrates
X

that, for n = 2, if f satisfies Assumptions 1 and 2, and if l_" )(? is increasing, the necessary
conditions in conjunction with ABS are also sufficient. (The requirement that all bundles be sold
with positive probability serves, in part, to rule out the possibility that the first order conditions
are identifying minima to the seller’s problem.)

Checking that Assumptions 3 and 4 are satisfied becomes progressively more challenging as n
increases. If more structure is placed on the problem, however, it is still possible to verify both
assumptions. We do so for n = 3 in the following theorem.

15 The family of beta distributions also satisfy the assumption for § > 1. Neither the normal nor the Gamma distributions
satisfy it. See [2, pp. 37-40].
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Theorem 5. Let N = {1,2,3},(n = 3) and let f; = 1,i = 1,2,3. The price schedule P,
Py = 3/4, Py jy ~ 114, j # i, Py ~ 1.22 is optimal among all such schedules. It is also
optimal over all IR and IC mechanisms.

Proof. Direct computation shows that the best price schedule is Py = 3/4, P; jy ~ 1.14, j #
i, Py =~ 1.22. Note that this satisfies SM, ABS and is symmetric. 16

Assumption 4 holds because the uniform density implies f/(x) = 0 and thus 7y (x) —#;(x) =0
for all J and x.

It remains to verify that Assumption 3 holds. The proof proceeds as follows. First, the tj ’s are
defined and it is shown they satisfy (11). Second, it is verified that Assumption 3 holds for two and
three good bundles. The symmetry of prices implies thatif (v, w, y) € A1), then (w, v, y) € Ay
and so on. Thus, we can restrict attention to the argument for one good and bundles containing it,
say, good 3.

The next lemma exploits the symmetry of the optimal price schedule to construct the decom-
position of #; (x ) that is used to apply Corollary 1. The proof is in the Appendix.

Lemma 7. Define
Sh={xeAy|xizx,ield k#il)
th(xy) = lJ(xJ)153-
Then t',(x) is defined for all x € Ay, t5(x) >0, and Y, t4(x) = t;(x) forall x € Ay.

Define
x;(x—i) = minf{x; | (xi, x_;) € Sy, i € J}.

Recall from Lemma 2 that, forx € A, both x; (-) and x; (-) are independent of components in J¢.
Since 1} (x;) = 0 for x; < x;(xy/i,2),2 € Af, and 1% (x;) = 4 forx; > x;(xy/i,2),2 € Af,
(because of the uniform independent density assumption) direct integration in (11) yields

Th(xi(x—), x—j) = 4x;(x_;) =3, x_; € BY. (15)

Two-good bundles: For (say) J = {1, 3}, SM and Lemma 2(i), imply that B{3173} is bounded

on the interior of [0, 1] x [0, 1] by B{33} and B{31!2}. Using the definition of B{33} and the fact that
x € A3 N Ay implies xp = Py — Pyy 3) yields

B}y 3y = {(x1.x2) | x1> P13y — Py, xa< Py — P13l
and, applying the definition of S7, 5,

X3(x_3) =Pz —x1,  x1 € [Pz — Py, Puzy/2]
=x1, x1€[Pu3y/2,1]

which does not vary with x;. This implies that for x_3 € B{31,3}’ Xx3(x_3) < Pz if and only if
X1 < Pz and, thus,

T{31,3}(X3(x,3),x,3) < 0% x1 < Pgy. (16)

16 The computed price schedule also satisfies the necessary conditions derived in Theorem 1.
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Since T{?ij}(xg (x-3), x_3) does not vary with x, for x_3 € B{31 3p Lemma 4(ii) along with
symmetry implies

1
Vi < Py — Py, / T3 5y (3 (r_3), x_3) dxi = 0. a7
P13y =Py

Thus, for all increasing 7,

/ s, DT 5 (3 (=), x-3) dxy dxp
B~

{1.3)
Py—Py13) 1
2/ n(Pgy, x2, 1)/ T3y (63 (x—3), x_3) dx; dxa
0 Pp.3)—Pp)
=0.

The inequality follows from the definition of B{31’3}, (16) and the restriction to 7 increasing.
The equality follows from (17). The symmetric argument shows the same inequality for J €
{{2,3} {1, 2}}.

Three-good bundle: Fig. 3 in the Appendix represents the set 313\/ N {(x1, x2) | x1=x2} in
(x1, x2) space. By SM and Lemma 2(i), 813\, is bounded on the interior of [0, 1] x [0, 1] by the
sets B}, 3, Bly), By, 3 Thus,

B3 = {(x1,x2) | x1 =Py — Pp.3), X2 = max{Py — P13}, Px — Piay — x1}}.

We use the following lemma, shown in the Appendix. Fori = 1, 2, j # i, define the function,

) 1
6o = [ T3 (3 (x3), x_3) dx;. (18)

max{x;, Py —P3y—x;}

Lemma 8. Fori =1, 2,
@ Ti(x3(x_3), x_3) > 0 & max{xi, x2} > P3).
(i) da < P{3} such that Gi(xi) >0& x; >a.

(i) 1 .
/ Gl (x,-) dxi =0.
Py—Py1,3)

Let 7 be any increasing, positive function. We can now apply the following inequalities:

/ 3, DT (63(03), ¥-3) Ly, 305} dx1 diva
B

N

1 1
- / f 73, DT} (x3(r3). x_3) dxy dxa
Py — Py 3) Jmax{x2, Py — Pj3y—x2}

1 1
> / [ n(Pgy, X2, 1)T,\3,(x3(x_3), x_3)dx1dx
Py —Py1,3y Y max{xz, Py — P3)—x2}
1

= / n(Pa), x2, NG?(x2) dxa
Py—Py13)
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a 1
:/ n(Pgy, x2, )G (x2) dxa +/ n(Pgy, x2, 1)G*(x2) dxa
Py — P13 a
1
>n(Pgy,a,l) G?(x2) dx
Py—Py13)
=0.

The equality follows by applying the characterization of 313\/' The first inequality follows because 7
is positive and increasing in x1 and applying Lemma 8(i). The next equality applies the definition
of Gz(-) in (18). The second inequality follows from Lemma 8(ii) and because n(Py3), x2, 1) is
positive and increasing in x;. The final equality follows from Lemma 8(iii).

A symmetric argument shows

f} m(xr, 12, DT (63(6-3), X-3)) 1z >.x)) dx2 dxy >0,
By

Thus, for all increasing ,

/ n(x-3, DT (x3(x_3), x_3)dx_3>0.
B
Applying the same arguments to B%,, B }\, yields the conditions required by Corollary 1 to show

that Assumption 3 holds for / = N. Combining with the argument for |J/| = 2 and applying
Corollary 1 we have Assumption 3 is satisfied and Theorem 3 yields the conclusion. ]

8. Conclusion

We conclude with a brief discussion of the possibilities for weakening some of the conditions
invoked in Theorems 4 and 5.

The identified environments are quite restrictive even in the n = 2 case. We believe this is no
accident. In a companion paper, [7], we note that the set of IC and IR mechanisms is convex and
has extreme points. Since the seller’s objective functional is linear, the solution set will always
contain an extreme point of the feasible set. In the case of n = 1, the extreme points are simply
the set of take-it-or-leave-it prices. Thus, the well-known result for » = 1 is immediate. The set of
extreme points when n > 1 is far richer and includes mechanisms with significant randomization
in the allocation of objects.

Some conditions arise as a consequence of the strategy of proof. Assumption 2b also appears
(in various forms) in many single-dimensional applications. In the one good, one buyer case, it
is known not to be required, however, it is often invoked to simplify the analysis. It implies the
monotonicity of the virtual valuation function. In the context of our approach, it allows us to
ignore the convexity constraint on the utility functions that comes from incentive compatibility
because the requirement that utility be convex is not binding at a solution.

The example in Section 5 suggests that negative covariance of valuations poses problems, so,
it may be possible to weaken Assumption 2a (independence). A potential conjecture to explore
is whether this can be weakened to the requirement that f satisfy affiliation. One hurdle to such
an extension is that sufficient conditions for multivariate functions to covary positively against
affiliated densities (and therefore, to check Assumptions 3 and 4) require the domain of the
functions to be sublattices—a condition that is not typically satisfied by market segments even
when SM holds.
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i f(xi . . . . . .
The requirement that x'.]_(’ (_x') be increasing is the most unusual condition. It does not arise in
q i () &
Ji 1

the one good case. However, ensuring that Assumption 4 in Theorem 3 is satisfied relies critically
on this restriction and its role is clearly tied to the multiple-good problem. We have constructed
examples which satisfy Assumptions 1 and 2 but not this final restriction and which appear to
show that price schedules can be dominated. However, the comparisons lead to differences in the
order of the sixth digit and we do not have that much confidence in these results.

Finally, the extension to n > 2 brings forth additional difficulties. To verify that Assumption 4
is satisfied, additional restrictions on the family of distributions may be necessary. A density such

that 5if] ( ) s increasing need not suffice because sets such as A are not generally sublattices
and the covariance argument used in the proof of Theorem 4 no longer can be applied. If we
restrict attention, however, to distributions of the form F;(x;) = xl“, then it can be shown that
Assumption 4 is always satisfied.
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Appendix A.
A.l. Proofs

Proof of Lemma 1. (x;,x_;) € Ay impliesthata; - x — Py >ag -x — Pk forall K. If i € K,
then raising x; to x/ raises both the left and right side without affecting the inequality. If i ¢ K,
then raising x; to x; increases the left side but the right remains fixed. The argument for the second
statement is similar. [

Proof of Lemma 2. (i) Necessity follows from the definition of A ;. To show sufficiency, suppose
x, J satisfy the hypotheses of Part (i) but x ¢ A ;. Then, there exists a set K such that

a’ x—P;>a’" x - Pjng,
aJ~x—PJ >aJUK~x—PJUK,

J

aK~x—PK>a -x — Py.

Summing the inequalities and using a’ 4 a® = a’/"K 4 aKY/

which violates SM.
(i1) Now suppose that x € Ay N Ag, K N J ¢ {J, K}. Applying the same argument as above
implies

yields Pxuy > Pj+ Px — Pink

a’ x— Py >aMK-x—PmK,
al x =Py >al" x — Pk,
aK')C—PKZQJ'X—PJ.

Summing the three inequalities and applying SM implies that all three must hold with equality.
But this means that A ; N A is the intersection of at least three linearly independent hyperplanes
(we could have K N J = @) which has zero measure in R1
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(iii) Let x = (x’], xyc). Part (i) implies if X ¢ A there must exist K, K C J or J C K such
thataX - X — Px >a’ -X = Py.

Suppose aX - X — Px > a’ -X — Py for K C J. x' € Ay implies
a’ X' —Py=a’ X—P;=af X' — Py =a¥ ¥ - Px,
a contradiction.
K J

.xanda’ -X—a’-(x'—=x) =a’ -x.
K

Observe that J C K, impliesaX -X—a’ - (x' —x) = a

J J

Therefore, a’ - X — Py < aX - X — Px implies a’ - x — P; < a® - x — Pg which contradicts the
hypothesis that x € A .

The cartesian product representation of the sets A; now follows. [J

Proof of Lemma 4. (i) By definition of w in (9) and tf,, in (11)

(moy=7"Y" /B ol a) f(Lxs)dx—i = )0 Y fA ()t (xp) f (x) dx
J J

JCN iel JCN ieJ
1 .
SDID M IEEMVIEMITEED 35 3 I B SRV Ers
JCN ieJ B JCN iel By Jxi(x—i)
1
= Z Z {/ [ﬂ(l,x—i)f(l,X—i) —/ 7T(X)tﬂ(XJ)f(X)dx,} dx_i}
JCN ieJ B xi(x—i)
= Z Z {f (L x—)(F (L x—) = T (xi(x—), x—7))
Jcnies \VB)

1
— / n(x)ré(xﬂf(x)dx,-+n(l,x_oT;'(x,-(x_,-),x_,->]dx_i}
xi(x—;)

1 .
=> > { /B , f (n(1, x—) = W)t () f () dxi
J X

JCN ieJ (i)

+ n(l,x_i)T;'(xi(x_,-),x_i>dx_l-} :
The second equality follows from the definition of x; (-) and Lemmas 1 and 2. The next equality
collects all terms in the summation in i and the next one adds and subtracts T} (xi(x—i), x—;)

n(1, x—;). The final equality follows by (11) using the fact that (1, x_;) does not vary in x;.
(ii) Applying Eq. 8, Lemma 2 and the definition of #} yields for all J, x € Ay,

0=T] i Y /D il f,-(xj)ﬁa)dxj/i—fAJrjm)l"[ £ dxy
J

keJ iel T jel,j#i jed
1
=Z/. 1"[f,-(xp[f,-(1)—/ r’,(m)ﬁ(x»dx,}dxm
ies YDy j#i xi(x—i)

:Z/ T;(xi(x—i)sx—i)d‘xj/i'
Dj

ieJ
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The second equality follows from the definition of x; (-) and Lemmas 1 and 2. The next equality
uses the definition of 7.

@iii) If | J |= 1, then the integration operation vanishes and x_; € B; implies Tl.J (xi (x—p),
x_,') =0. O

Proof of Lemma 5. The proof requires three intermediate results.

(1) pe (=1/2,1/2) implies X1(-) (resp. )?2(~)lis continuous and strictly decreasing (increasing).
(i) 3(B, B) C (=1/2,1/2) such that § € (B, B) implies X; (f) > Py — P(—iy,i = 1,2.
(iii) VB € (. B). 2i(P)< Py — 2_i(P).

(Part 1): Total differentiate (13) to obtain
1— F' (& (P))

(B fU i (B) 4 B/2+ (=DIP) fi(%i ()
Assumption 2b implies that the denominator is strictly positive so the implicit function theorem
implies x; () is continuous. f;(1) > 0 implies x; () < 1 so the sign of the numerator is (—1)’.

(Part ii): We show first that we cannot have x; () < Py — P(—;; forbothi = 1, 2. The first order
condition from Theorem 1 and the definition of ¢ (x) imply

Z / fj(xj)

i=1,j#i

1 ./ .
x {ﬁ(l) —/ [0 ) + G124+ (1B i | dxi} dx;

(B = (1)

ax{ Py —Pyjy, PN —x;}

1
Z / fiGxpw' (Py —xj; p)dx; +/ fixpw' (Py — Pgjy; Pdx;.
i=l1,j#i PN =Py Py
Theorem 2 implies that Py — Py;; < Pyj; so the first term has positive measure and for x; in
this range, Py — x; > Py — Pj. Since w'(-; ) is strictly increasing and w'(%;(f); ) = 0,
if X' (f) < Py — Pyjj, then both terms are non-negative and the first term is strictly positive
yielding a contradiction. Therefore, suppose that X;(f) > Py — Py while 2(f) < Pv — Pyyy.
Since %1 (+) is decreasing and continuous and X (1/2) = 0 we can raise f§ to ﬁ < 1/2 such that
X1(f) = Py — Pjp; > 0 (since Ay has positive measure). By the above argument, this implies
#2(p) > Py — Py1y. To find f > —1/2 now reduce f so that X2(f)) = Py — Py > 0.

(Part iii): The following inequality is used in the proof. For J = {i}, j # i,z<P; and
xj > Py — Py, Eq. (8) implies using the definition of #; and K,

1. e

o= foplam— [ s p | Py b || pwra

Y p | fiw) fi(w)

U or! x; fl(x;)

> fyep L= [ ”Jf((v”))+3+ Fr }fi(v)dv}
AL A
Hof xj fi ()

> fi(x) ﬁ(l)—/ vf((v”))+3+ ’fng :|fi(v)dv}
z | Ji A

1
= fj(Xj)ﬁ(l)—/ IN(, xj) f (v, xj)dv. 19)
2
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The firstinequality follows because Xjfffix;) increasing and x; > Py — Py implies E |: ff ) | w<
I

Py — Py | < % The second inequality follows by Assumption 2b and z < P;. The last line
JNr
comes by definition of 7.
Suppose that %;(f) > Py —x;(f), j # i. The first order condition from Theorem 1 applied to
Ay can be written as

Py—%;(B) 1
0= Z Si() — IN) fixi) dx; | fi(x))dx;
P

i,j#i v =P Py—x;

1P 1
+ E i(1 —/
P ~~/I’N—fz‘(ﬁ) |:f( ) Py—x;

(i f{ (xi) + (3/2 + (_1)iﬂ)fi(xi))dxi:| fi(xj)dx;
i, j#i J

1 .
+y / |:fi(1) —/;D i)+ 32+ (—1)lﬁ)fi(xi))dxi:| fi(xj)dx;

i,j#i N—X;(p)

2 &P . 1 )
<Z/ wl(PN_xj§ﬁ)fj(xj)dxj+/ w' (Py —%;(B); P) fj(x;)dx;
Py—%i(f) S 0))

<0

which is a contradiction. The equality follows because the limits of integration divide Ay into
three sections, disjoint except for a measure zero intersection. Two sections are reflected in the
limits of integration in the first term of the summation. The third section is repeated in the second
and third lines but adding each of the integrands yields #(x). (We exploit the hypothesis that
% () > Py —X;(f). The expression assumes that Py — Pj;y < Py — X; (f§). If this does not hold,
then the first line vanishes and the lower limit of integration in the second line becomes Py — Py;;.
The rest of the argument remains the same.) The first inequality follows since (19) implies the
first line is non-positive and by applying the definition of w’(-; f) in (13). The second inequality
follows because w' (x; p) is strictly increasing in x and is zero at x = %;(ff) and in both terms
of the fourth line, Py — x; < X;(f) (because x; > Py — X;(f)) and Py — X;(f) < X;(p) (by
hypothesis).
The tlivs are seen to satisfy (11) as follows. The set of points

X1 <X (AU {x1 ZX1(f), x2 = x2()} U {x2 <X2(f)}

covers the set Ay. By construction, the intersection of the first two sets and the intersection of
the last two sets has measure zero. Suppose xp < X2(f). Since x| + x > Py, Result (iii) implies

x1 2Py —x2 > Py — %2(f) = X1 (f)
so the intersection of the first and last set has zero measure as well. Therefore, whenever,

th(x; B) = 0, 15 (x; B) = ty(x). The definitions of r}, now yield th o B+ 13 (x p) = ty(x)
forall x € AN.Assumptlon 2and f € (=1/2,1/2) imply #;,(-; f)=0. O
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Proof of Lemma 6. (Part i) Consider i = 2. The proof of Lemma 5, (19) implies for x; €
[Py — Ppy, X1(P)],

1
0> {fz(l) - / 13 (x1, x2; ﬂ)fz(m)dm} Silxp)
P

N—X]

= T3 (x1, x2(x1); f).

The inequality follows because in this region, tlz\, =ty and x2(x1) = Py — x1 < Ppyy.
For x1 € (X1(B), Pn — %2(P)],

1
TR (x1, x2(x1); ) {fz(l) —/; 1% (x1, x2; ﬁ)fz(X2)dX2} fi(x1)

N—X1
= w?(Py — x1; B) f1(x1)
> w2 (& () B fi1(x1)
=0.

The second equality applies (13) and the definition of ’1%/' The inequality follows since
Py — x1 >%2(p) and w?(-; ) is strictly increasing. The equality is by definition of 5(f).
Finally, for x; > Py — X2(P),

1

T3 (x1, x2(x1); B) = {fz(l) —/ 13 (x1, x25 B) fo(x2) dxz} fi(xp)

ax{Py—x1,Py—Pj1y}

1
= {fz(l) - / " 13 (x1, x2; ﬁ)fz(X2)dX2} fix1)
X2
0.

The second equality follows because Lemma 5 implies x5 (f8) > max{Py — xi, Py — Py1y} and
for xo <x2(f), t,2\, (x) = 0. The final equality follows by definition of X, (f). The same argument
follows fori = 1.

(Part ii): Since T}(-; p) satisfies (11), applying Lemma 4(ii) to J = N gives
2 1

0= > / Th (xi (x)), xj; B) dx;
i=1,j2i Y PN TP
2 310 I Pv—5i(f)
= Z / T}(PN—x,-,xj;ﬁ)dxj+/ Ti(Py — xj,xj; B)dx;
i=1,j2i Y PN—Pi £ (B

2
D B+ Gi(B).

i=1

The second equality uses the implication from Part (i) that T} (xj(x;),xj; p) =0forx; > Py —
%;(B) and for x; <Py — %;(B), xi(x;) = Py — x;. Suppose that for some i, F;(f) + G;(p) is
strictly negative (and therefore F; () + G ;(f) > 0, j # i) forall f € (B, B). Part (i) implies that
F;(P) is non-positive and G;(f) is non-negative. Note that F; () + G;(f) varies continuously
with f8. Let f§ increase or decrease as necessary so that % ;(f5) approaches Py — Py;. Since the
measure of (Py — P;, )?j (B)] goes to zero, F; () goes to zero. But G; (/) is non-negative by Part
(i) and, by assumption, F;(f) + G ;(p) is strictly positive. This yields a contradiction. [
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Proof of Lemma 7. To ensure that the defined tj (xy) satisfy (11), we must show that for each

J, Sij N S;, i # j € J has measure zero in R", and that {Sg},-E J covers A . The first requirement
follows from the definitions. Thus, it only remains to show that there does notexistanx € A; with
component k ¢ J such that x; > x;,i € J. Suppose there is such an element. Define K = J Uk
and for any set J, let 17 and 07 denote the | J | vector of all ones or zeroes, respectively. x € A,
implies a’ - x> Py, which, in turn implies

Py
X > max x; > ——. (20)
ieJ (A
Symmetry and SM yield
P
<—’11,0N”) € Ay N Ay.
[ J ]
(Consider, for example, J = N. Since % < % < Py, an agent with type
(P";'3 , P1§2’3 , P1'32‘3) would be indifferent between not buying any bundle and buying the whole

bundle and would strictly prefer not to buy any other bundle.) Since by hypothesis, (x;, xc) =
(xj, Xk, xge) € Ay, Lemma 2 implies

~ Py J
X = ml,xk,xkc GAJ. (21)

By construction, ¥ - a’ — P; = 0, a buyer with valuation ¥ gains exactly zero utility from
purchasing the bundle J. If an agent of type x bought K instead, he would receive

P
ak i — Py = |J|ﬁ+xk_PK
Py Pk
> | J |~ - P
[J1 K|

P
= |K|m—PK

=0,
where the first inequality follows from (20) and the second because SM implies ﬁ—" > %. Thus,

the buyer of type X does strictly better buying K than J, a contradiction to the conclusion
in(21). O

Proof of Lemma 8. We first characterize x5(x1, x2) on B = 313\, N {(x1, x2) | x; =x3} shown
in Fig. 3. Observe that SM implies that Pz, > P3—N > m > Py — Pp3. Symmetry
implies that x5 (v, w) = x3(w, v) and Ty (x3(v, w), v, w) = T3 (x3(w, v), w, v) and, therefore,
G! v) = Gz(v) forall v € [Py — Py1,3), 1]. Thus, if we show the desired results on this region,
they follow with the appropriate permutation of variables on the complement.

The manifold,

{Ce1, x2,x3) | x1 € [Pn/3, P1.3)/2), X3 = X1, X2 = Py — 2x1}

belongs to A y N Ay. This follows because the two endpoints, (Py /3, Py /3, Py/3) and (Py1 3,/2,
Py — P13y, P1,3)/2) arein Ay N Ag and Ay N Ay is a convex set. (The first inclusion follows
from the argument for § 7\, in the proof of Lemma 7, the second because the full bundle and the
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Pugy — Py 2 Py 1

Fig. 3. Level Sets of x3(x1, x2) on By, N {(x.x2) | x1 >x2}.

bundle {1, 3} give exactly zero utility while SM implies % < Pg3 so any single good bundle

gives strictly negative utility.) Since Ay is increasing in x;, i = 1, 2, 3,
{x [ x32>x1,x1 2 Pn/3, x2 2 max{Py — 2x1, Py — P(1,3)}} C An.

For any x such that x3 = x1,x1 < Pj1,31/2, x2 < Py — 2x1, we have x| + x2 + x3 < Py, so
buying the full bundle yields strictly negative utility. Thus, such points cannot be in Ay and the
lower bound of S?\, in this region must be contained in the manifold Ay N Ay. Combining these
arguments yield

X3(x_3)=x1, x1=x2,x12Py/3, x> Py —2x1,
=Py —x1 —x2, x12x2, X1<P13)/2, xa< Py — 2x;. (22)
The thick line with slope —2 divides the two regions. The level sets of x5(x_3) are illustrated by
the dotted lines in Fig. 3. The arrows denote the direction of increase.
(Part 1): Applying (22), x| > P3) = % implies Tjg,(x3(x,3), x_3)=4x1 —3>0.
Similarly, x < P(3) implies either T]:f, (x3(x_3),x_3) =4x; —3<0or
Ty (x3(x-3), x-3) = 4(Py — x1 —x2) — 3
<4(Pyv— (Pv— P3y) =3
=4P3 —3
=0.
The inequality follows because x_3 € 313\1 implies x1+x2 > Py — P(3) otherwise x; +x+1—Py <
1 — P3y and a buyer with type (1, x_3) would do better buying good 3 alone.
(Part ii): The proof proceeds by showing that G (x3) is positive for x5 in [Pz}, 11, non-positive
for x, in [Py — Pj1.3), Py _ZP”’] and quasi-convex over [P _2P‘3’, Py3y]. Since this implies that
Gz(xz) crosses ( at one point, say, a, the conclusion then follows.
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Part (i) implies that G2(x3) > 0 for x3 > P3y.
Now consider x; < M. Restricting attention to the lower horizontal boundary of Bz3v’ since
X3(x1, x2) is continuous over 313\/ U B{31,3}’ for x1 = P13 — P3),

Ty (x3(x1, Py — P1.3). x1, Py — P{1.3)
=T} 3y(x3(x1, Py — P1.3)). x1, Py — P 3)).
Furthermore, (22) implies x;(x1, x2) is either constant or decreasing in x> in the region 313\1 N
{(x1,x2) | x1 >x2}. Since (x1, x}) € By, implies x} > Py — P(1 3}
Ty (x3(x1, x9), x1, x5) < T{) 3y (x3(x1, Py — Pi13)), x1, Py — Py, (23)
(x1,x)) € B?\,,xl > max{xz, P13 — Pyl

Thus, for x; € [Py — Py1.3}, PN_2P(3)]’

) Psy =Py 3
G~ (x2) =/ Ty (x3(x1, x2), X1, X2) dx;
P

N — P3y—x2
1
+ / Ty (x3(x1, x2), X1, X2) dx|
Py —Pp)
1
< / Ty (x3(x1, x2), X1, x2) dx
Psy—Ppy
1
< / T( 3 (x3(x1, Py — Paay). x1, Py — Py 3)) dx
Psy—Ppy
=0.

The first inequality comes because T,%, <0 forxy < Py 3y — Py < Pg3y (Part i). The second comes
from (23), the equality comes from (17).

For x; € [22508) py /3],

Py —x2 1
2
G*(x2) = [ {4(Py — x1 — x2) — 3}dx) + ﬁN_XZ {4x) — 3} dx;.
X2 L
Differentiating with respect to x; twice (using the continuity of the integrand in x7) gives
d*G?
dxy

s0 G%(x,) is convex in this range.
For x, € [Pn/3, Pyl

1
Gz(xz):/ {4x) — 3} dx;.
X2

Differentiating gives

dG*(xy)

= —4 3>0,
dxy * 43>
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Fig. 4. A three price mechanism.
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using the fact that xo < P3) = 3/4, so G2(x2) is increasing in this range. Thus, G2(xy) is quasi-

convex and Part (ii) follows.
(Part (iii)) Lemma 4(ii) and symmetry implies

1 1
o:/ Gz(xz)dxz—i—/ G (x1)dx;.
Py—Py13y Py—Pp 3y

G! = G? and Py1,3) = Pp2,3) then implies Part (iii). [

A.2. Proof of suboptimality of three price mechanisms for counterexample

A mechanism with prices such that 1 > Pyj; >2(Py — 1) (not shown but is a mechanism with
the point (Py1y, Py — Py1y) below the line x1/2 + x = 1) is never optimal. This mechanism is
dominated by instead offering Pj;) > 1, holding Py, Pjp; fixed. A seller can induce buyers who

purchased only one good at 1 > Pyj) to buy two goods at Py > 1 because, in this case, x € Ay,

and Py >2(Py — 1) implies

X1 X1

x1+x2=7+?+x2
Py
> —+1
5 +
> Py.

Therefore, Fig. 4 illustrates a typical three price mechanism.
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The uniform density and some geometry imply

1 1 Py
dx=-1—-Pu)((Py—Pup) —z+Py—Pyp) — |1 - —
Aq 2 2 2
_La_p(apy -2 3
- 2 {1} N 2 {1} 2 ’

1
/ dx = 5(1 — Ppy))(Py — Ppy + Py — Py — 2(1 — Ppy))
A
= = Po)(Py — 1),
1
/ dx=2Q+ Ppy— Py — PN)(Pay + Py — Py) + (1= P (1 + Py — Py).
Ay

For any three-price profile,

R(P)ZP{I}/ dx+P{2}/ dx+PN/ dx.
A Ap) Ay

Partially differentiating this with respect to Pjp) yields

2Py — 1

Poy(Py) = ~——
2y (PN) 3Py 2

as before. Partially differentiating R(P) with respect to Py yields

OR(P) 9 » 3
= - — 3PP 2Py — = ).
5]){1} 4 meN + N 4

Differentiating again gives
3Py — 3P
24 N

which is negative only if P(j) < %PN. The roots of %RP_(:;) are

. 2 / 3
Py (Py) = 3 (PN +./ P} —2Py + Z) ,
A 2 5 3
P{l}(PN)=§ Py — PN_ZPN+Z .

The first equation exceeds %PN so only the second root is a potential solution. Since the term
Pz% —2Py+ % = (Py— %)(PN — %), the root has a real solution only if Py < % or Py > % (If this
condition is violated, then the objective function is always increasing in P(1}.) The case Py < %
is clearly suboptimal (Py = 1 dominates this.) Thus, we restrict attention to the case, Py > %

‘We now examine R(ﬁ{l}(PN), f’{z}(PN), Py) computationally for Py > % This function has
its maximum at Py = % which implies Py = 1 or Ajjy = 0.

and
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